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EULER CHARACTERISTIC AND COHOMOLOGY OF Sp4(Z) WITH
NONTRIVIAL COEFFICIENTS
JITENDRA BAJPAI, IVAN HOROZOV AND MATIAS MOYA GIUSTI
Abstract. In this article, the cohomology of the arithmetic group Sp4(Z) with coefficients in
any finite dimensional highest weight representation Mλ have been studied. Euler characteristic
with coefficients in Mλ have been carried out in detail. Combining the results obtained on Euler
characteristic and the work of Harder on Eisenstein cohomology [9], the description of the cuspidal
cohomology has been achieved. At the end, we employ our study to compute the dimensions for the
cohomology spaces H•(Sp4(Z),Mλ).
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1. Introduction
Let G be a semisimple algebraic group defined over Q, K∞ ⊂ G(R) be a maximal compact
subgroup and S = G(R)/K∞ be the corresponding symmetric space. If Γ ⊂ G(Q) is an arithmetic
subgroup then every representation (ρ,M) of GC defines in a natural way a sheaf M˜ on the locally
symmetric space SΓ = Γ\S. One has the isomorphism H•(Γ,M) ∼= H•(SΓ,M˜), (for details see
Chapter 7 of [3]). On the other hand, let SΓ denote the Borel-Serre compactification of SΓ, then
the inclusion i : SΓ →֒ SΓ, which is an homotopic equivalence, determines a sheaf i∗M˜ on SΓ and
induces a canonical isomorphism in cohomology
(1) H•(SΓ,M˜) ∼= H•(SΓ, i∗M˜).
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From now on we will simply denote i∗M˜ by M˜. For details on Borel-Serre compactification we
refer the interested reader to [2, 10].
The choice of a maximal Q-split torus T of G and a system of positive roots Φ+ in Φ(G,T)
determines a set of representatives for the conjugacy classes of Q-parabolic subgroups, denoted by
PQ(G), namely the standard Q-parabolic subgroups. The boundary of the Borel-Serre compactifi-
cation ∂SΓ = SΓ − SΓ is a finite union of the boundary components ∂P for P ∈ PQ(G), i.e.
∂SΓ =
⋃
P∈PQ(G)
∂P,
and this covering determines a spectral sequence in cohomology abutting to the cohomology of the
boundary
(2) Ep,q1 =
⊕
prk(P)=p+1
Hq(∂P,M˜)⇒ Hp+q(∂SΓ,M˜)
where prk(P) denotes the parabolic rank of P (the dimension of the maximal Q-split torus in the
center of the Levi quotient M of P). When the Q-rank of G is 2, the aforementioned spectral
sequence is just a long exact sequence in cohomology.
In this article we set our focus on the arithmetic group Γ = Sp4(Z). We use the spectral se-
quence (2) to determine the cohomology space of the boundary of the Borel-Serre compactification
of the locally symmetric space SΓ associated to the arithmetic subgroup Sp4(Z) ⊂ Sp4(R) and de-
scribe the Eisenstein cohomology by following [9]. We continue to determine the Euler characteristic
with respect to any finite dimensional irreducible representation Mλ of Sp4 (for this we use [11]).
As an immediate application of the results obtained on Euler characteristic we are able to de-
termine the dimension of the cuspidal cohomology of the symmetric space SΓ associated to Sp4(Z).
Another application is the description of the dimension of the cohomology spaces of Sp4(Z) with
respect to every finite dimensional irreducible representation of Sp4.
We can summarize the main ideas and results of this paper in a few lines. We use a formula
in [11] to determine the Euler characteristic of the group Sp4(Z) with respect to every Mλ finite
dimensional irreducible representation of Sp4 with highest weight λ. As we have already mentioned,
one has an isomorphism of the cohomology spaces Hq(Sp4(Z),Mλ) ∼= Hq(SΓ,M˜λ). On the other
hand, one has a decomposition of the cohomology of SΓ as the direct sum of the cuspidal and the
Eisenstein cohomology
Hq(SΓ,M˜λ ⊗ C) = Hqcusp(SΓ,M˜λ ⊗ C)⊕HqEis(SΓ,M˜λ ⊗ C).
One could consider the contributions χEis(λ), χcusp(λ) to the Euler characteristic comming from
the Eisenstein and cuspidal part, respectively. Therefore the homological Euler characteristic χh(λ)
of Sp4(Z) with respect to Mλ, is the sum of χEis(λ) and χcusp(λ). The Eisenstein cohomology has
been determined by Harder in [9], so one can give a formula for χEis(λ). On the other hand, by
using [14], one knows that the cuspidal cohomology is always concentrated in degree 3. Therefore
one obtains the identity
dim(H3cusp(SΓ,M˜λ ⊗C)) = χh(λ)− χEis(λ)
determining a formula to calculate the dimension of the cuspidal cohomology. Let Hq! (SΓ,M˜λ) de-
note the inner cohomology (that is the kernel of the natural restriction morphism rq : Hq(SΓ,M˜λ)→
Hq(∂SΓ,M˜λ)). In the case of Sp4 one has, by [14], that Hq! (SΓ,M˜λ) ⊗ C ∼= Hqcusp(SΓ,M˜λ ⊗ C),
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therefore this also determines a formula for the dimension of the inner cohomology. By similar
arguments one can also calculate the dimension of the group cohomology of Sp4(Z).
The main results of the paper are given in:
• Theorem 9, where we describe a formula for the Euler characteristics with respect to the
symmetric power representations.
• Theorem 10, describing a formula for the Euler characteristics for general highest weights.
• Theorem 14, where a formula for the dimension of the cuspidal cohomology is determined.
• Theorem 16, that gives a formula for the dimensions of the group cohomology spaces
H•(Sp4(Z),Mλ).
We end this section by giving a quick overview on the organization of this article.
In Section 2 we introduce the notation and present some brief introduction to the results that we
use in the paper.
In Section 3 we give a full description of the boundary cohomology of the Borel-Serre compacti-
fication of the locally symmetric space associated to Sp4(Z). We took this opportunity to discuss
about the boundary cohomology in detail and in the form we wanted in this article. In this section
we are also using the methods described in [1]. We feel that the approach we took is more naive
and easy to follow. However, the details could easily be traced down following the work of Harder
in [9].
Section 4 gives the basics about the Eisenstein cohomology and summarize the results from [9].
This plays a crucial role in determining the dimension of the space of cuspidal cohomology and the
dimension of the cohomology of Sp4(Z) discussed in the last two sections, i.e. Sections 8 and 9.
Section 5 supplies one of the most important tools to achieve the goal. We make use of Yang’s
work [21], on classification of torsion elements of Sp4(Z) to compute their centralizers which even-
tually gives us the orbifold Euler characteristics.
In Section 6 we compute the trace of each representative of the conjugacy classes of torsion
elements in Sp4(Z) with respect to any finite dimensional irreducible representation of Sp4. We
use these results to give the full description of the homological Euler characteristic of Sp4(Z) in
Section 7. Finally in the last two sections we introduce some important applications of the results
obtained. First, in Section 8 we give the description of the dimensions of the cuspidal cohomology
of SΓ. Finally, in the last section we determine the dimension of the cohomology spaces of Sp4(Z)
with respect to every highest weight finite dimensional irreducible representation.
Just to mention one among the many related works in the literature, it is shown in [4] that the
inner cohomology H3! (SΓ,M˜λ) (for λ = m1λ1 +m2λ2) has a Hodge filtration whose first nonzero
term Fm1+2m2+3 is isomorphic to the space of vector-valued Siegel cusp forms Sm1,m2+3(Sp4(Z)) for
the representation Symm1 ⊗ detm2+3 of GL2(C). This is also mentioned in [20]. On the other hand,
the dimension of the space of Siegel cusp forms has been calculated in [19].
The importance of this article lies in providing definitive results and the simplicity of the methods
used.
2. Preliminaries
This section quickly review the basic properties of Sp4 and familiarize the reader with the no-
tations to be used throughout the article. We discuss the corresponding locally symmetric space,
Weyl group, the associated spectral sequence and Kostant representatives of the standard parabolic
subgroups.
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2.1. Structure Theory. Consider the algebraic group Sp4 over Q which is defined for every Q-
algebra A by
Sp4(A) =
{
g ∈ GL4(A) | gtJg = J
}
,
where
J =
(
0 id2
−id2 0
)
, with id2 =
(
1 0
0 1
)
.
Consider the arithmetic subgroup Sp4(Z) ⊂ Sp4(Q) and the maximal compact subgroup K∞ ⊂
Sp4(R) defined by
K∞ =
{(
A B
−B A
)
| A+ iB ∈ U2(C)
}
⊂ Sp4(R) .
From now on throughout the article let Γ denote the arithmetic group Sp4(Z). Consider the sym-
metric space S = Sp4(R)/K∞ and let M be a representation of Sp4. Γ acts naturally on M and
defines a sheaf M˜ on SΓ = Γ\S. As mentioned in the introduction, one has an isomorphism
H•(Γ,M) ∼= H•(SΓ,M˜).
and as discussed earlier, if SΓ is the Borel-Serre compactication of SΓ then following (1), we get a
natural isomorphism between the cohomology spaces H•(SΓ,M˜) and H•(SΓ,M˜).
2.2. Root System. Consider the maximal torus H of Sp4(C) defined by the subgroup of diagonal
matrices
{
diag(h1, h2, h
−1
1 , h
−1
2 ) | h1, h2 ∈ C∗
} ⊂ Sp4(C). Let g denote the Lie algebra sp4 and let
h ⊂ gC be the complex Lie subalgebra associated to H. The root system Φ = Φ(gC, h) is of type C2.
Let ε1, ε2 ∈ h∗ be defined by ε1(X) = h1 and ε2(X) = h2 for X = diag(h1, h2,−h1,−h2) ∈
h. Then the root system Φ is given by {±ε1 ± ε2,±2ε1,±2ε2}, a set of positive roots Φ+ is
{ε1 + ε2, ε1 − ε2, 2ε1, 2ε2} and the system of simple roots ∆ is {α1 = ε1 − ε2, α2 = 2ε2}. Finally,
we denote δ = 12
∑
α∈Φ+ α = 2ε1 + ε2.
2.3. Standard Q-Parabolic Subgroups. The standard Q-parabolic subgroups of Sp4 with re-
spect to the given Q-root system and system of positive roots will be described in this subsection.
As ∆ has just two elements, we have three proper standard Q-parabolic subgroups, one minimal
and two maximal ones. The maximal Q-parabolics P1,P2 are given by
P1(A) =


∗ ∗ ∗ ∗
0 ∗ ∗ ∗
0 0 ∗ 0
0 ∗ ∗ ∗
 ∈ GL4(A)
 ∩ Sp4(A)
and
P2(A) =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
0 0 ∗ ∗
0 0 ∗ ∗
 ∈ GL4(A)
 ∩ Sp4(A),
for every Q-algebra A.
Note that the minimal Q-parabolic P0 is simply the group P1 ∩P2. Therefore, the corresponding
Levi quotients are given by
M0 = Gm ×Gm, M1 = Gm × SL2 and M2 = GL2.
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2.4. The Irreducible Representations. The root system Φ with the usual system of positive
roots Φ+, has fundamental weights λ1, λ2 : h −→ C given by λ1 = ε1 and λ2 = ε1 + ε2. Thus the
irreducible finite dimensional representations of Sp4 are determined by their highest weights, which
in this case are the linear functionals of the form m1λ1 +m2λ2 with m1,m2 non-negative integers.
We fix an irreducible algebraic representation (rλ,Mλ) of Sp4 with highest weight λ = m1λ1+m2λ2.
Since our group Sp4 is Q-split, the representation Mλ is defined over Q and we will consider Mλ
to be the corresponding Q-vector space.
2.5. Kostant Representatives. It is known that the Weyl group W = W(g, h) is given by 8
elements. They are listed in the first column of Table 1 and described in the second column as a
product of simple reflections s1 and s2, associated to the simple roots α1 and α2 respectively. In
the third column we make a note of their lengths and in the last column we describe the element
w · λ = w(λ+ δ) − δ, where the pair (a, b) denotes the element aε1 + bε2 ∈ h∗.
Label w ℓ(w) w · λ
w0 1 0 (m1 +m2,m2)
w1 s1 1 (m2 − 1,m1 +m2 + 1)
w2 s2 1 (m1 +m2,−m2 − 2)
w3 s1 ◦ s2 2 (−m2 − 3,m1 +m2 + 1)
w4 s2 ◦ s1 2 (m2 − 1,−m1 −m2 − 3)
w5 s1 ◦ s2 ◦ s1 3 (−m1 −m2 − 4,m2)
w6 s2 ◦ s1 ◦ s2 3 (−m2 − 3,−m1 −m2 − 3)
w7 s1 ◦ s2 ◦ s1 ◦ s2 4 (−m1 −m2 − 4,−m2 − 2)
Table 1. The Weyl Group of Sp4
Let Φ+ and Φ− denote the set of positive and negative roots respectively. The Weyl group acts
naturally on the set of roots. For each i ∈ {0, 1, 2}, let ∆(ui) denote the set consisting of every
root whose corresponding root space is contained in the Lie algebra ui of the unipotent radical of
Pi. The set of Weyl representatives WPi ⊂ W associated to the parabolic subgroup Pi (see [13]) is
defined by
WPi = {w ∈ W : w(Φ−) ∩ Φ+ ⊂ ∆(ui)} .
Clearly WP0 =W and, by using the table, one can see that
WP1 = {w0, w1, w3, w5} and WP2 = {w0, w2, w4, w6} .(3)
2.6. Boundary of the Borel-Serre compactification. In general, the boundary of the Borel-
Serre compactification ∂SΓ = SΓ \SΓ is the union of subspaces indexed by the standard Q-parabolic
subgroups
∂SΓ = ∪P∈PQ(Sp4)∂Γ,P.
To simplify the notation we will denote by ∂P the space ∂Γ,P. In this case, as we are in the rank 2
case, this covering defines a long exact sequence (of Mayer-Vietoris) in cohomology. We will use this
long exact sequence to describe the cohomology of the boundary of the Borel-Serre compactification.
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3. Boundary Cohomology
In this section we make use of certain spectral sequences to obtain a description of the cohomology
spaces Hq(∂P,M˜) of the faces of the boundary associated to the parabolic subgroups of Sp4. Using
this information, we give the details of the boundary cohomology H•(∂SΓ,Mλ). For more details
the reader can see [9] where boundary and Eisenstein cohomology has been discussed. The goal of
this section is to present this result in a convenient way to describe the dimension of the Eisenstein
cohomology and to be used in the Sections 8 and 9 together with the Euler characteristic.
3.1. The cohomology spaces H•(∂P,M˜). For a parabolic P, let M be its Levi quotient, U
its unipotent radical and u the Lie algebra of U(R). We denote by πP : P → M = P/U the
natural projection. We write ΓM = πP(Γ ∩ P(R)) and KM∞ = πP(K∞ ∩ P(R)). It is known that
ΓM,KM∞ ⊂ ◦MP(R) where for an algebraic group G over Q we denote by XQ(G) the group of
characters of G defined over Q and
◦G =
⋂
χ∈XQ(G)
χ2.
One has a fibration
ΓU\U(R)→ ∂P → SMΓ
where we write
SMΓ = Γ
M\ ◦M(R) /KM∞
This fibration defines a spectral sequence in cohomology abutting to the cohomology of ∂P, and
in this case it is well known that the spectral sequence degenerates in degree 2 and gives a decom-
position
Hk(∂P,M) =
⊕
p+q=k
Hp(SMΓ ,
˜Hq(u,M)).
Finally, by using Kostant’s theorem (see [13]) one can decompose Hq(u, V ) as a direct sum of
irreducible representations of M indexed by some subsetWP ⊂ W of the Weyl group (the subset of
Weyl representatives, see Section 2.5). One finally has
(4) Hk(∂P,M˜) =
⊕
w∈WP
Hk−ℓ(w)(SMΓ ,M˜w·λ)
whereMw·λ denotes the irreducible representation of M with highest weight w ·λ. In the following
subsections we will use (4) to describe the cohomology spaces H•(∂P,M˜) for each P. For more
details on this decomposition see [16].
In what follows, we will denote by Mi and ∂i the Levi quotient of the parabolic Pi and its
corresponding subspace of the boundary, respectively.
EULER CHARACTERISTIC AND COHOMOLOGY OF Sp4(Z) WITH NONTRIVIAL COEFFICIENTS 7
3.1.1. Cohomology of ∂0. From Subsection 2.3, we know that M0 ∼= Gm × Gm and therefore
Hq(SM0Γ ,M˜w·λ) = 0 for q > 0. Following the decomposition (4) and using the Table 1, we write:
H0(∂0,M˜λ) = H0(SM0Γ ,M˜λ)
H1(∂0,M˜λ) = H0(SM0Γ ,M˜w1·λ)⊕H0(SM0Γ ,M˜w2·λ)
H2(∂0,M˜λ) = H0(SM0Γ ,M˜w3·λ)⊕H0(SM0Γ ,M˜w4·λ)
H3(∂0,M˜λ) = H0(SM0Γ ,M˜w5·λ)⊕H0(SM0Γ ,M˜w6·λ)
H4(∂0,M˜λ) = H0(SM0Γ ,M˜w7·λ) .
The fact that 
−1
1
1
−1
 ,

1
−1
−1
1
 ∈ M0(Z)
has the effect that, if w · λ = n1ǫ1 + n2ǫ2 then
H0(SM0Γ ,M˜w·λ) =

Q , n1, n2 even
0 , otherwise
.
Hence one has the following results.
• If m1 and m2 are even then
Hq(∂0,M˜λ) =
 Q , q = 0, 1, 3, 4
0 , otherwise
,
• If m1 is even and m2 is odd then
Hq(∂0,M˜λ) =

Q , q = 1, 3
Q⊕Q , q = 2
0 , otherwise
,
• and finally, Hq(∂0,M˜λ) = 0 otherwise.
3.1.2. Cohomology of ∂1. From Subsection 2.3, we have M1 ∼= Gm× SL2. For an element w ∈ WP1 ,
the highest weight w · λ written in Table 1 as a pair (aw, bw) means that we are working with the
highest weight aw in GL1 and bw in SL2 while considering the usual fundamental weight in SL2. In
this case KM1∞ = SO(2,R) and
−1
1
1
−1
 ,

1
−1
−1
1
 ∈M1(Z) ∩ Z(M1)
where Z(M1) denotes the center of the Levi quotient M1. Therefore, if
SSL2 = SL2(Z)\SL2(R)/SO(2,R) and w · λ = awǫ1 + bwǫ2
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then
Hq(SM1Γ ,M˜w·λ) =

Hq(SSL2 , M˜w·λ
∣∣∣
SL2(Z)
) , aw, bw even
0 , otherwise
,
where M˜w·λ
∣∣∣
SL2(Z)
denotes the sheaf on SSL2 defined by the restriction of the representation
Mw·λ to the SL2 component of M1. By the Eichler-Shimura isomorphism one has
Hq(SSL2 , M˜w·λ
∣∣∣
SL2(Z)
)⊗ C =

Sbw+2 ⊕ Sbw+2 ⊕ Eisbw+2 , q = 1, bw 6= 0
Q , q = bw = 0
0 , otherwise
,
where Sbw+2, Sbw+2 denote the space of holomorphic and antiholomorphic cuspidal forms for
SL2(Z) of weight bw+2 and Eisbw+2 denotes the space of Eisenstein cohomology, which is isomorphic
to the boundary cohomology of SSL2 .
Now, following (4), (3) and Table 1, we write:
H0(∂1,M˜λ) = H0(SM1Γ ,M˜λ)
H1(∂1,M˜λ) = H1(SM1Γ ,M˜w0·λ)⊕H0(SM1Γ ,M˜w1·λ)
H2(∂1,M˜λ) = H1(SM1Γ ,M˜w1·λ)⊕H0(SM1Γ ,M˜w3·λ)
H3(∂1,M˜λ) = H1(SM1Γ ,M˜w3·λ)⊕H0(SM1Γ ,M˜w5·λ)
H4(∂1,M˜λ) = H1(SM1Γ ,M˜w5·λ).
In order to describe H•(∂1,M˜λ) one only has to consider the following four cases
• If m1 is even and m2 = 0, then
Hq(∂1,M˜λ) =

H0(SM1Γ ,M˜w0·λ) ∼= Q , q = 0
H0(SM1Γ ,M˜w5·λ) ∼= Q , q = 3
0 , otherwise
.
• If m1 and m2 are even and m2 6= 0, then
Hq(∂1,M˜λ) =

H1(SM1Γ ,M˜w0·λ) , q = 1
H1(SM1Γ ,M˜w5·λ) , q = 4
0 , otherwise
.
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• On the other hand, if m1 is even and m2 is odd then
Hq(∂1,M˜λ) =

H1(SM1Γ ,M˜w1·λ) , q = 2
H1(SM1Γ ,M˜w3·λ) , q = 3
0 , otherwise
.
• In all the other cases H•(∂1,M˜λ) = 0.
3.1.3. Cohomology of ∂2. Finally, in this case M2 ∼= GL2. In Table 1, the element w · λ encoded by
the pair (aw, bw) means that we are working with the usual highest weight representation of GL2
associated with the character awε1 + bwε2. Therefore, H
•(SM2Γ ,M˜λ) = 0 if aw + bw is odd (because
−id2 will act as multiplication by (−1)aw+bw). On the other hand, when aw = bw is odd then the
representation is one dimensional and
−1
1
1
−1
 ∈ M2(Z)
implies that H•(SM2Γ ,M˜λ) = 0.
In this case, KM2∞ = O(2,R). Now we suppose that aw + bw is even. If
SGL2 = GL2(Z)\GL2(R)/SO(2,R)
then
Hq(SGL2 ,M˜w·λ) ∼= Hq(SSL2 , M˜w·λ
∣∣∣
SL2(Z)
)
and
H•(SM2Γ ,M˜λ) = H•(SGL2 ,M˜λ)O(2,R)/SO(2,R)
is the space of fixed points under the natural action of O(2,R)/SO(2,R).
Finally, one has
Hq(SM2Γ ,M˜w·λ)⊗ C =

Saw−bw+2 ⊕ Eisaw ,bw , q = 1, aw − bw 6= 0
Q , q = aw − bw = 0
0 , otherwise
,
where Eisaw,bw is the space of Eisenstein cohomology, isomorphic to the boundary cohomology of
GL2(Z) with coefficients in the irreducible representation with highest weight awε1 + bwε2.
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Now, following (3), (4), Table 1 and the discussion carried out for P1 in Subsection 3.1.2, we
simply need to analyse the following spaces
H0(∂2,M˜λ) = H0(SM2Γ ,M˜w0·λ)
H1(∂2,M˜λ) = H1(SM2Γ ,M˜w0·λ)⊕H0(SM2Γ ,M˜w2·λ)
H2(∂2,M˜λ) = H1(SM2Γ ,M˜w2·λ)⊕H0(SM2Γ ,M˜w4·λ)
H3(∂2,M˜λ) = H1(SM2Γ ,M˜w4·λ)⊕H0(SM2Γ ,M˜w6·λ)
H4(∂2,M˜λ) = H1(SM2Γ ,M˜w6·λ)
and therefore, one can see that
• If m1 6= 0 is even then
Hq(∂2,M˜λ) =

H1(SM2Γ ,M˜w0·λ) , q = 1
H1(SM2Γ ,M˜w2·λ) , q = 2
H1(SM2Γ ,M˜w4·λ) , q = 3
H1(SM2Γ ,M˜w6·λ) , q = 4
0 , otherwise
,
• If m1 = 0 and m2 is even then
Hq(∂2,Mλ) =

H0(SM2Γ ,M˜w0·λ) , q = 0
H1(SM2Γ ,M˜w2·λ) , q = 2
H1(SM2Γ ,M˜w4·λ) , q = 3
0 , otherwise
,
• If m1 = 0 and m2 is odd then
Hq(∂2,Mλ) =

H1(SM2Γ ,M˜w2·λ) , q = 2
H1(SM2Γ ,M˜w4·λ)⊕H0(SM2Γ ,M˜w6·λ) , q = 3
0 , otherwise
,
• Finally, if m1 is odd then Hq(∂2,M˜λ) = 0.
3.2. Boundary Cohomology. In this subsection we use the results obtained in Subsection 3.1
to describe the cohomology of the boundary. The covering of the boundary of the Borel-Serre
compactification defines a spectral sequence in cohomology abutting to the cohomology of the
boundary
Ep,q1 =
⊕
prk(P )=(p+1)
Hq(∂P,M˜λ)⇒ Hp+q(∂SΓ,M˜λ).
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where prk(P) denotes the parabolic rank of P (in this case prk(P1) = prk(P2) = 1 and prk(P0) = 2).
As the Q-rank of Sp4 is 2, this spectral sequence can be replaced by the long exact sequence
· · · → Hq−1(∂0,M˜λ)→ Hq(∂SΓ,M˜λ)→ Hq(∂1,M˜λ)⊕Hq(∂2,M˜λ)→ Hq(∂0,M˜λ)→ · · ·
and one obtains the cohomology of the boundary by the description of the restriction morphisms
H•(∂i,M˜λ)→ H•(∂0,M˜λ). Finally, by using the results of the previous subsection, this reduces to
the well known cases of GL2(Z) and SL2(Z).
Let λ = m1λ1 + m2λ2 be the highest weight of the irreducible representation Mλ. If m1 is
odd, then the fact that −id4 ∈ Sp4(Z) ∩ K∞ is an element of the center of Sp4 has the effect
that M˜λ = 0. Therefore we are only interested in the case m1 even. This reduces to analyze in
total six different subcases. We study these subcases by following a similar analysis as the one
described in Section 4 of [1]. As usual, we denote by H•! (S
Mi ,M˜) the inner cohomology (the kernel
of the natural restriction to the cohomology of the boundary of the Borel-Serre compactification
ri : H
•(SMiΓ ,M˜) → H•(∂SMiΓ ,M˜) of SMi). By using the calculation of the previous subsection, we
now summarize the details of boundary cohomology in all the cases as follows:
3.2.1. Case 1 : m1 = 0 and m2 = 0 (trivial coefficient system).
Hq(∂SΓ,M˜λ) =

Q , q = 0
Q⊕H1! (SM2Γ ,M˜w2·λ) = Q , q = 2
Q⊕H1! (SM2Γ ,M˜w4·λ) = Q , q = 3
Q , q = 5
0 , otherwise
,
3.2.2. Case 2 : m1 = 0 and m2 6= 0 even.
Hq(∂SΓ,M˜λ) =

H1! (S
M1
Γ ,M˜w0·λ) , q = 1
H1! (S
M2
Γ ,M˜w2·λ) , q = 2
H1! (S
M2
Γ ,M˜w4·λ) , q = 3
H1! (S
M1
Γ ,M˜w5·λ) , q = 4
0 , otherwise
,
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3.2.3. Case 3 : m1 6= 0 even and m2 = 0.
Hq(∂SΓ,M˜λ) =

H1! (S
M2
Γ ,M˜w0·λ) , q = 1
H1! (S
M2
Γ ,M˜w2·λ)⊕Q , q = 2
H1! (S
M2
Γ ,M˜w4·λ)⊕Q , q = 3
H1! (S
M2
Γ ,M˜w6·λ) , q = 4
0 , otherwise
,
3.2.4. Case 4 : m1 6= 0 even and m2 6= 0 even.
Hq(∂SΓ,M˜λ) =

Q⊕H1! (SM1Γ ,M˜w0·λ)⊕H1! (SM2Γ ,M˜w0·λ) , q = 1
H1! (S
M2
Γ ,M˜w2·λ) , q = 2
H1! (S
M2
Γ ,M˜w4·λ) , q = 3
Q⊕H1! (SM1Γ ,M˜w5·λ)⊕H1! (SM2Γ ,M˜w6·λ) , q = 4
0 , otherwise
,
3.2.5. Case 5 : m1 = 0 and m2 odd.
Hq(∂SΓ,M˜λ) =

Q⊕H1! (SM1Γ ,M˜w1·λ)⊕H1! (SM2Γ ,M˜w2·λ) , q = 2
Q⊕H1! (SM1Γ ,M˜w3·λ)⊕H1! (SM2Γ ,M˜w4·λ) , q = 3
0 , otherwise
,
3.2.6. Case 6 : m1 6= 0 even and m2 odd.
Hq(∂SΓ,M˜λ) =

H1! (S
M2
Γ ,M˜w0·λ) , q = 1
H1! (S
M1
Γ ,M˜w1·λ)⊕H1! (M2(Z),Mw2·λ) , q = 2
H1! (S
M1
Γ ,M˜w3·λ)⊕H1! (M2(Z),Mw4·λ) , q = 3
H1! (S
M2
Γ ,M˜w6·λ) , q = 4
0 , otherwise
.
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4. Eisenstein Cohomology
The Eisenstein cohomology is known to be a powerful tool to study the natural restriction mor-
phism
rq : Hq(SΓ,M˜λ)→ Hq(∂SΓ,M˜λ)
to the cohomlogy of the boundary (see for example Theorem 4.11 of [15]). In this section we give
the description of the Eisesntein cohomology following the work of Harder in [9]. We summarize
the details on Eisenstein cohomology with coefficients in Mλ which depends on the parity of the
coefficients in the highest weight λ = m1̟1+m2̟2. As in the previous section, in what follows we
denote by Sk the space of cuspidal forms of weight k for SL2(Z).
Let Σk be the canonical basis of normalized eigenfunctions of Sk. Then by using Eichler-Shimura
isomorphism one can write
H1! (S
M2
Γ ,M˜w·λ ⊗C) = ⊕f∈ΣkH1! (SM2Γ ,M˜w·λ ⊗ C)(f),
where the C-vector spacesH1! (S
M2
Γ ,M˜w·λ⊗C)(f) are one dimensional. We denote Zk =
{
f ∈ Σk | L(f, k2 ) 6= 0)
}
,
then one knows:
Theorem 1 ([9]). If m1 or m2 is not even, then the restriction morphism in degrees 3 and 4 defines
an isomorphism from Eisenstein cohomology to Boundary cohomology, and Eisenstein cohomology
is 0 in degrees 1 and 2. If m1 = m2 = 0 then the Eisenstein cohomology is one dimensional in
degree 0 and degree 2 and it is 0 in the other degrees. Finally, if m1 = 0 and m2 is even, then
HqEis(SΓ,M˜λ ⊗ C) =

⊕f∈Z2m2+4H1! (S
M2
Γ ,M˜w2·λ ⊗ C)(f) , q = 2
⊕f /∈Z2m2+4H1! (S
M2
Γ ,M˜w4·λ ⊗ C)(f) , q = 3
H1! (S
M1
Γ ,M˜w5·λ ⊗ C) , q = 4
0 , otherwise
.
By using the calculations of the previous section we get the following.
4.0.1. If m1 = m2 = 0,
HqEis(SΓ,M˜λ ⊗ C) =
 C , q = 0, 2
0 , otherwise
,
4.0.2. If m1 = 0 and m2 6= 0 is even,
HqEis(SΓ,M˜λ ⊗ C) =

⊕f∈Z2m2+4H1! (S
M2
Γ ,M˜w2·λ ⊗ C)(f) , q = 2
⊕f /∈Z2m2+4H1! (S
M2
Γ ,M˜w4·λ ⊗ C)(f) , q = 3
Sm2+2 ⊕ Sm2+2 , q = 4
0 , otherwise
,
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4.0.3. If m1 6= 0 is even and m2 = 0,
HqEis(SΓ,M˜λ ⊗ C) =

Sm1+4 ⊕ C , q = 3
Sm1+2 , q = 4
0 , otherwise
,
4.0.4. If m1 6= 0 is even and m2 6= 0 is even,
HqEis(SΓ,M˜λ ⊗ C) =

Sm1+2m2+4 , q = 3
Q⊕ Sm2+2 ⊕ Sm2+2 ⊕ Sm1+2 , q = 4
0 , otherwise
,
4.0.5. If m1 = 0 and m2 is odd,
HqEis(SΓ,M˜λ ⊗C) =
 Q⊕ Sm2+3 ⊕ Sm2+3 ⊕ S2m2+4 , q = 3
0 , otherwise
,
4.0.6. If m1 6= 0 is even and m2 is odd,
HqEis(SΓ,M˜λ ⊗ C) =

Sm1+m2+3 ⊕ Sm1+m2+3 ⊕ Sm1+2m2+4 , q = 3
Sm1+2 , q = 4
0 , otherwise
.
5. Torsion Elements and Orbifold Euler Characteristics
In this section, the orbifold Euler characteristics of the centralizers of torsion elements of Sp4(Z)
are being calculated. Euler characteristic has been a useful tool to address the various problems in
group cohomology. For example see [12]. We quickly review the basics about Euler characteristic.
The homological Euler characteristic χh of a group Γ with coefficients in a representation V is
defined by
χh(Γ, V ) =
∞∑
i=0
(−1)i dimH i(Γ, V ).
For an arithmetic group Γ1, let Γ
′
1 be a torsion free finite index subgroup of Γ1 (one knows that
every arithmetic group of rank greater than one contains a torsion free finite index subgroup). Then
the orbifold Euler characteristic of Γ1 is given by
χorb(Γ1) = [Γ1 : Γ
′
1]
−1χh(Γ′1).
From now on, orbifold Euler characteristic will be simply denoted by χ. Note that, if Γ1 is torsion
free then χh(Γ1, V ) = χ(Γ1, V ).
The following properties of χ will be very handy in the forthcoming discussion.
• Let Γ0, Γ1 and Γ2 be groups such that 1 −→ Γ1 −→ Γ0 −→ Γ2 −→ 1 is exact then
χ(Γ0) = χ(Γ1)χ(Γ2).
• If Γ0 is finite of order |Γ0| then χ(Γ0) = 1|Γ0| .
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We have introduced the orbifold Euler characteristic in order to use the following formula. If Γ1
has torsion elements then we make use of the following result (see [11]).
(5) χh(Γ, V ) =
∑
(T )
χorb(C(T ))Tr(T
−1, V )
where the sum runs over the set of representatives of conjugacy classes in Γ1 of torsion elements T
of Γ1 and C(T ) denotes the centralizer of T in Γ1.
In this section, we make use of the following lemma.
Lemma 2. χ(Sp4(Z)) = ζ(−1)ζ(−3) = − 11440 and χ(SL2(Z)) = ζ(−1) = − 112 .
The proof of the above two identities follows from a quiet well known fact that for Γ = Sp2g(Z)
χ(Γ) =
g∏
k=1
ζ(1− 2k),
where ζ denotes the Riemann’s zeta function. The above formula follows from the work of Harder
in [8]. For a quick reference on the appearance of this formula see Theorem 5 on Page 344 of [17]
and Example (iii) on Page 158 of [18].
Following (5), we know that in order to compute χh(Sp4(Z), V ), we need the list of the conjugacy
classes of all torsion elements. We divide the study into the possible characteristic polynomials of
the conjugacy classes. If Φn denotes the n-th cyclotomic polynomial, then by [7] the characteristic
polynomials are given in the following table.
S.No. Polynomial S.No. Polynomial S.No. Polynomial S.No. Polynomial S.No. Polynomial
1 Φ
4
1
2 Φ
2
1
Φ
2
2
3 Φ2
1
Φ
3
4 Φ2
1
Φ
4
5 Φ2
1
Φ
6
6 Φ
4
2
7 Φ
2
2
Φ
3
8 Φ
2
2
Φ
4
9 Φ
2
2
Φ
6
10 Φ
2
3
11 Φ
3
Φ
4
12 Φ
3
Φ
6
13 Φ2
4
14 Φ
4
Φ
6
15 Φ
5
16 Φ2
6
17 Φ
8
18 Φ
10
19 Φ
12
Table 2: Characteristic polynomials of torsion elements
We continue by giving the list of representatives of the conjugacy classes of torsion elements
of the group Sp4(Z). For that we need to introduce some notation. As before, for each n ∈ N,
idn ∈ GLn(Z) denotes the identity matrix,
U =
(
1 0
1 −1
)
, W =
(
0 −1
1 −1
)
, J2 =
(
0 −1
1 0
)
,
R =

0 0 −1 0
0 0 0 −1
1 0 0 1
0 1 1 0
 , S =

0 1 0 0
0 0 −1 0
0 0 −1 1
1 1 −1 0
 , T =

0 −1 1 0
−1 0 1 1
−1 1 0 0
0 −1 0 0
 .
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Let us consider the following operations between 2× 2 matrices in M2(Z):(
a1 b1
c1 d1
)
∗
(
a2 b2
c2 d2
)
=

a1 0 b1 0
0 a2 0 b2
c1 0 d1 0
0 c2 0 d2
 ,
(
a1 b1
c1 d1
)
∔
(
a2 b2
c2 d2
)
=

a1 b1 0 0
c1 d1 0 0
0 0 a2 b2
0 0 c2 d2
 ,
and (
a1 b1
c1 d1
)
◦
(
a2 b2
c2 d2
)
=

0 a1 0 b1
a2 0 b2 0
0 c1 0 d1
c2 0 d2 0
 .
Then one has the following theorem (see [21]).
Theorem 3 (Yang). A complete list of representatives of the conjugacy classes of torsion elements
in Sp4(Z) is given below in the table.
Torsion Element Expression Characteristic polynomial Torsion Element Expression Characteristic polynomial
T1 id4 Φ
4
1
T2 −id4 Φ4
2
T3 id2 ∗ −id2 Φ2
1
Φ
2
2
T4 U ∔ U t Φ
2
1
Φ
2
2
T5 W ∗W Φ2
3
T6 W t ∗W t Φ2
3
T7 W ∗W t Φ2
3
T8 id2 ∗W Φ2
1
Φ
3
T9 id2 ∗W t Φ2
1
Φ
3
T10 J2 ∗ J2 Φ2
4
T11 −(J2 ∗ J2) Φ2
4
T12 J2 ∗ (−J2) Φ2
4
T13 (−id2) ◦ id2 Φ2
4
T14 id2 ∗ J2 Φ2
1
Φ
4
T15 id2 ∗ (−J2) Φ2
1
Φ
4
T16 (−id2) ∗ J2 Φ2
2
Φ
4
T17 −(id2 ∗ J2) Φ2
2
Φ
4
T18 S Φ5
T19 S2 Φ5 T20 S
3 Φ
5
T21 S4 Φ5 T22 −(W ∗W ) Φ
2
6
T23 −(W t ∗W t) Φ2
6
T24 −(W ∗W t) Φ2
6
T25 id2 ∗ (−W ) Φ2
1
Φ
6
T26 id2 ∗ (−W t) Φ2
1
Φ
6
T27 −(id2 ∗W ) Φ2
2
Φ
6
T28 −(id2 ∗W t) Φ2
2
Φ
6
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T29 (−id2) ∗W Φ2
2
Φ
3
T30 (−id2) ∗W t Φ2
2
Φ
3
T31 W ∗ (−W ) Φ3Φ6 T32 W ∗ (−W t) Φ3Φ6
T33 W t ∗ (−W ) Φ3Φ6 T34 W t ∗ (−W t) Φ3Φ6
T35 id2 ◦W Φ3Φ6 T36 id2 ◦W t Φ3Φ6
T37 R Φ3Φ6 T38 −R Φ3Φ6
T39 id2 ◦ J2 Φ8 T40 id2 ◦ (−J2) Φ8
T41 T Φ8 T42 −T Φ8
T43 −S Φ10 T44 −S2 Φ10
T45 −S3 Φ10 T46 −S4 Φ10
T47 id2 ◦ (−W ) Φ12 T48 id2 ◦ (−W t) Φ12
T49 J2 ∗W Φ3Φ4 T50 J2 ∗W t Φ3Φ4
T51 Jt2 ∗W Φ3Φ4 T52 Jt2 ∗W t Φ3Φ4
T53 J2 ∗ (−W ) Φ4Φ6 T54 J2 ∗ (−W t) Φ4Φ6
T55 Jt2 ∗ (−W ) Φ4Φ6 T56 Jt2 ∗ (−W t) Φ4Φ6
Table 3: Torsion Elements
To study the centralizer of each element Ti and eventually their Euler characterisics, we considered
the equations coming from the symplectic identity gtJg = J , and the relation gTi = Tig for g ∈
C(Ti) ⊆ Sp4(Z). We now give the details case by case. Let us fix an element
g =

a1 a2 b1 b2
a3 a4 b3 b4
c1 c2 d1 d2
c3 c4 d3 d4
 .
5.1. Centralizer and Euler characteristic of T1 and T2. Here T1 = id4 and T2 = −id4. Clearly,
C(T1) = C(T2) = Sp4(Z). Therefore
χ(C(T1)) = χ(C(T2)) = − 1
1440
.
5.2. Centralizer and Euler characteristic of T3. By definition
T3 = id2 ∗ −id2 =

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1
 .
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Let g ∈ C(T3). Then using the two identities mentioned above we reduce to the following
g =

a1 0 b1 0
0 a4 0 b4
c1 0 d1 0
0 c4 0 d4

satisfying the following relations
a1d1 − b1c1 = 1 and a4d4 − b4c4 = 1 .
Hence C(T3) ∼= SL2(Z)× SL2(Z). This implies that χ(C(T3)) = χ(SL2(Z))2 = 1144 .
5.3. Centralizer and Euler characteristic of T4. From the definition
T4 = U ∔ U
t =

1 0 0 0
1 −1 0 0
0 0 1 1
0 0 0 −1
 .
For any g ∈ C(T4), solving gT4 = T4g we obtain that g must be of the form
g =

2a3 + a4 0 2b3 b3
a3 a4 b3 b4
c1 c3 2d2 + d4 d2
c3 −2c3 0 d4
 .
Solving gtJg = J , we immediately get
det
(
2a3 + a4
2c1 + c3
b3
2d2 + d4
)
= 1, det
(
a4
c3
(b3 − 2b4)
d4
)
= 1 .
This establishes a map between C(T4) and SL2(Z)× SL2(Z) given by
g := g(a3, a4, b3, b4, c1, c3, d2, d4) 7→
((
2a3 + a4 b3
2c1 + c3 2d2 + d4
)
,
(
a4 b3 − 2b4
c3 d4
))
,
which is an isomorphism between C(T4) and the index 6 subgroup
H = {(A,B) ∈ SL2(Z)× SL2(Z) | A ≡ B (mod 2)}
of SL2(Z)× SL2(Z). Therefore χ(C(T4)) = 6χ(SL2(Z))2 = 124 .
5.4. Centralizer and Euler characteristic of T5, T6, T22 and T23. From the definition, it is
clear that C(T5) = C(T22) and C(T6) = C(T23). Let us consider
T5 =W ∗W =

0 0 −1 0
0 0 0 −1
1 0 −1 0
0 1 0 −1
 .
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Solving T5 g = g T5 gives g =
(
x
−y
y
x+y
)
, where x =
(
a1
a3
a2
a4
)
and y =
(
b1
b3
b2
b4
)
and using this with
gtJg = J gives the following relations
a21 + a1b1 + b
2
1 + a
2
3 + a3b3 + b
2
3 = 1 , a
2
2 + a2b2 + b
2
2 + a
2
4 + a4b4 + b
2
4 = 1 ,
a1a2 + b1b2 + a3a4 + b3b4 + a1b2 + a3b4 = 0 , a1b2 − a2b1 − a3b4 + a4b3 = 0 .
Consider ω = 12 + i
√
3
2 = e
2pii
3 . Following the above relations we can show that x−ωy ∈ U2(Z[ω]) =
{u = A+ ωB|A,B ∈ M2(R), u∗u = id2} (where M2(R) denotes the space of 2 by 2 matrices with
coefficients in R). This establishes an isomorphism between C(T5) and U2(Z[ω]). One can also
see from those relations, that one of the pairs (a1, b1), (a3, b3) must be zero and the other must be
(1, 0), (0, 1), (1,−1), (−1, 0), (0,−1) or (−1, 1). The same is true for the pairs (a2, b2), (a4, b4). Even
more, (a1, b1) is nonzero if and only if the pair (a4, b4) is nonzero. C(T5) has therefore order 72 and
χ(C(T5)) = χ(C(T22)) =
1
72 .
Similarly, as T6 = T
t
5, C(T6) is isomorphic to C(T5) and χ(C(T6)) = χ(C(T23)) =
1
72 .
5.5. Centralizer and Euler characteristic of T7 and T24. T24 = −T7, therefore C(T7) = C(T24).
From the definition
T7 =

0 0 −1 0
0 0 0 1
1 0 −1 0
0 −1 0 −1
 .
By using the fact that T7g = gT7, we get
g =

a1 a2 b1 b2
a3 a4 b3 b4
−b1 b2 a1 + b1 b2 − a2
b3 −b4 −a3 − b3 a4 − b4
 .
Using the equation gtJg = J , gives us the following conditions
(a21 + a1b1 + b
2
1)− (a23 + a3b3 + b23) = 1
(a24 − a4b4 + b24)− (a22 − a2b2 + b22) = 1
a1b2 + a2b1 − a3b4 − a4b3 = 0
a1a2 − b1b2 − a3a4 + b3b4 − a1b2 + a3b4 = 0
and these equations show that(
a1 − b1ω a2 + b2ω
a3 − b3ω a4 + b4ω
)
∈ U(1,1)(Z[ω]) = {u = A+ ωB|A,B ∈ M2(R), u∗I1,−1u = I1,−1}
where I1,−1 =
(
1 0
0 −1
)
and ω = e
2pii
3 . Even more, one can see that this establishes an
isomorphism between C(T7) and U(1,1)(Z[ω]).
Proposition 4. SU(1,1)(Z[ω]) is isomorphic to a subgroup of SL2(Z) of index 4 and is a subgroup
of index 6 of U(1,1)(Z[ω]). In particular χ(C(T7)) =
4
6χ(SL2(Z)) = − 118 .
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Proof. We take D = 1
ω2−1
( −1 ω
−ω 1
)
. Let g be an element of SU(1,1)(Z[ω]). Then ∃ a, b, c, d ∈ Z
such that
g =
(
a+ bω c+ dω
c+ dω¯ a+ bω¯
)
.
Hence DgD−1 =
(
a− d b− c
d− b− c a+ d− b
)
and one can see that conjugation by D gives an isomor-
phism between SU(1,1)(Z[ω]) and{(
m1
m3
m2
m4
)
∈ SL2(Z) | (m4 −m1)− 2(m3 −m2) ≡ 2(m4 −m1)− (m3 −m2) ≡ 0 mod 3
}
which is a subgroup of index 4 in SL2(Z).

5.6. Centralizer and Euler characteristic of T8, T9, T27 and T28. One clearly has C(T8) =
C(T27) and C(T9) = C(T28). Consider
T8 = id2 ∗W =

1 0 0 0
0 0 0 −1
0 0 1 0
0 1 0 −1
 ,
by T8 g = g T8, we get 
a1 0 b1 0
0 a4 0 b4
c1 0 d1 0
0 −b4 0 a4 + b4

and from gtJg = J we obtain the following relations among the entries of g,
a1d1 − b1c1 = 1 and a24 + a4b4 + b24 = 1 .
Write
K =
{(
a4
−b4
b4
a4 + b4
)
|a4, b4 ∈ Z, a24 + a4b4 + b24 = 1
}
=
〈(
1
1
−1
0
)〉
∼= Z6 .
Following the above description, we have a natural isomorphism SL2(Z) × K → C(T8). Hence
χ(C(T8)) = χ(C(T27)) = − 172 .
On the other hand, T9 = T
t
8 and therefore χ(C(T9)) = χ(C(T28)) = − 172 .
5.7. Centralizer and Euler characteristic of T10 and T11. Note that C(T10) = C(T11). For
any g ∈ C(T11), solving the equations gtJg = J and gT11 = T11g gives us that g =
(
x y
−y x
)
where x =
(
a1 a2
a3 a4
)
and y =
(
b1 b2
b3 b4
)
, and
a1b2 − a2b1 + a3b4 − a4b3 = 0 , a1a2 + a3a4 + b1b2 + b3b4 = 0 ,
a21 + a
2
3 + b
2
1 + b
2
3 = 1 , a
2
2 + a
2
4 + b
2
2 + b
2
4 = 1 .
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These equations are equivalent to the fact that u = x + iy is an element of U2(Z[i]). This defines
an isomorphism between C(T11) and U2(Z[i]). By a similar argument as the one used in Subsection
5.4 one can see that C(T11) has 32 elements and therefore
χ(C(T10)) = χ(C(T11)) =
1
32
.
5.8. Centralizer and Euler characteristic of T12. By definition
T12 = J2 ∗ (−J2) =

0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0
 .
Let g ∈ C(T12). As T12 g = gT12 we get
g =

a1 a2 b1 b2
a3 a4 b3 b4
−b1 b2 a1 −a2
b3 −b4 −a3 a4

and by the fact that gtJg = J we obtain the following relations
a1b2 + a2b1 − a3b4 − a4b3 = 0 , a1a2 − a3a4 − b1b2 + b3b4 = 0 ,
a21 + b
2
1 − a23 − b23 = 1 , a24 + b24 − a22 − b22 = 1 .
This can also be written in terms of dot product by
(a1, b1).(b2, a2) = (a3, b3).(b4, a4) , (a1, b1).(a2,−b2) = (a3, b3).(a4,−b4),
||(a1, b1)||2 − ||(a3, b3)||2 = 1 , ||(a4, b4)||2 − ||(a2, b2)||2 = 1 ,
which shows that
(
a1 − b1i a2 + b2i
a3 − b3i a4 + b4i
)
∈ U(1,1)(Z[i]). In fact this describes an isomorphism
between C(T12) and U(1,1)(Z[i])).
Proposition 5. SU(1,1)(Z[i]) is isomorphic to an index 3 subgroup of SL2(Z) and is a subgroup of
index 4 in U(1,1)(Z[i]). In particular, χ(C(T12)) = χ(U(1,1)(Z[i])) = − 116 .
Proof. Consider the function f : SU(1,1)(Z[i])→ SL2(Z) defined as follows: If g ∈ SU(1,1)(Z[i]) then
there exist a, b, c, d ∈ Z such that g =
(
a+ bi c+ di
c− di a− bi
)
and we define
f
(
a+ bi c+ di
c− di a− bi
)
=
(
a+ c d− b
d+ b a− c
)
.
The fact that f(g) ∈ SL2(Z) follows from the fact that a2+ b2− c2− d2 = 1, and one can see that f
is, even more, a morphism of groups. It is also clear that f is injective and therefore an isomorphism
into its image, which is the subgrpup of SL2(Z) of all the matrices that can be written as(
a+ c d− b
d+ b a− c
)
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with a, b, c, d ∈ Z. This is exactly the subgroup of all the matrices
(
m1 m2
m3 m4
)
∈ SL2(Z) satisfying
m1 ≡ m4 mod(2) and m2 ≡ m3 mod(2), which is a subgroup of SL2(Z) of index 3. 
5.9. Centralizer and Euler characteristic of T13. By definition
T13 =

0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0
 .
For any g ∈ C(T13) after solving gtJg = J and gT13 = T13g, we obtain that g can be written as
g =

a1 a2 b1 b2
−a2 a1 −b2 b1
c1 c2 d1 d2
−c2 c1 −d2 d1

where the coefficients satisfy the following equations
a1c2 = a2c1, b1d2 = b2d1,(6)
a1d2 − a2d1 + b1c2 − b2c1 = 0,(7)
a1d1 + a2d2 − b1c1 − b2c2 = 1.(8)
We consider the following elements za = a1 + ia2, zb = b1 + ib2, zc = c1 + ic2, zd = d1 + id2 ∈ Z[i].
One can identify C(T13) with a subgroup of GL2(Z[i]) by the map f that sends g to the matrix
f(g) =
(
za zb
zc zd
)
.
Equations (6), (7) and (8) could be written as
zaz¯c, zbz¯d ∈ Z and zaz¯d − z¯bzc = 1.
In particular, if x = zaz¯d, y = z¯bzc then x, y ∈ Z[i] satisfy x = y + 1 and xy¯ = zaz¯czbz¯d ∈ Z.
Hence (y + 1)y¯ ∈ Z and this implies immediately that y ∈ Z and therefore x ∈ Z.
We have proved
zaz¯c, zbz¯d, zaz¯d, z¯bzc ∈ Z
or equivalently
a1c2 = a2c1, b1d2 = b2d1, a1d2 = a2d1, b1c2 = b2c1.
Now it follows a study case by case.
If za = 0, then zaz¯d − z¯bzc = 1 implies −z¯bzc = 1. Therefore zb ∈ {1,−1, i,−i}. If zb = 1
or −1, then zc = −zb and zd ∈ Z (because zbz¯d ∈ Z). If zb = i or −i, then zc = zb and as
zbz¯d ∈ Z, zd ∈ iZ. In both cases, by using the fact that zaz¯d − z¯bzc = 1, one obtains that
f(g) ∈ SL2(Z) ∪ iSL2(Z).
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If za 6= 0, then suppose a2 6= 0. We know, by (8), that a1d1 + a2d2 − b1c1 − b2c2 = 1 but
this can be written as
a1d1 + a2d2 − b1c1 − b2c2 = 1
a22a1d1 − a22b1c1
a22
+ a2d2 − b2c2 = 1
a2a
2
1d2 − a2b1a1c2
a22
+ a2d2 − b2c2 = 1
a21a2d2 − a2a1b2c1
a22
+ a2d2 − b2c2 = 1
a21a2d2 − a21b2c2
a22
+ a2d2 − b2c2 = 1
a21 + a
2
2
a22
(a2d2 − b2c2) = 1
and this implies a1 = 0. By using zaz¯c, zbz¯d, zaz¯d, z¯bzc ∈ Z and zaz¯d − z¯bzc = 1 one has
f(g) ∈ iSL2(Z). If a2 = 0 then one can similarly see that f(g) ∈ SL2(Z).
We have proved that in all the cases f(g) ∈ SL2(Z)∪ iSL2(Z). It is clear that f is injective
and each element in SL2(Z) ∪ iSL2(Z) corresponds to an element in C(T13). Therefore
f : C(T13)→ SL2(Z) ∪ iSL2(Z) is an isomorphism and χ(C(T13)) = ζ(−1)2 = − 124 .
5.10. Centralizer and Euler characteristic of T14, T15, T16, and T17. By definition
T14 = id2 ∗ J2 =

1 0 0 0
0 0 0 −1
0 0 1 0
0 1 0 0
 .
Solving gT14 = T14g gives
g =

a1 0 b1 0
0 a4 0 b4
c1 0 d1 0
0 −b4 0 a4

and the condition gtJg = J is translated into the following conditions
a1d1 − b1c1 = 1 and a24 + b24 = 1 .
One can see that {(
a4
−b4
b4
a4
)
| a4, b4 ∈ Z, a24 + b24 = 1
}
=
〈(
0
1
−1
0
)〉
∼= Z4
and one has therefore an isomorphism between SL2(Z)× Z4 and C(T14). Hence,
χ(C(T14)) =
1
4
χ(SL2(Z)) = − 1
48
.
Now observe that T15 = T
t
14, T16 = −T15 and T17 = −T14. This implies that
χ(C(T14)) = χ(C(T15)) = χ(C(T16)) = χ(C(T17)) = − 1
48
.
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5.11. Centralizer and Euler characteristic of T18, T19, T20, T21, T43, T44, T45, and T46. Here
T18 = S =

0 1 0 0
0 0 −1 0
0 0 −1 1
1 1 −1 0
 , S5 = id4 .
Also, T43 = −S and
T19 = S
2, T20 = S
3, T21 = S
4 ,
T44 = −S2, T45 = −S3, T46 = −S4 .
Therefore they all have the same centralizer and it is enough to calculate just one of them. Let
g ∈ C(S) then solving gS = Sg one can see that g is of the form
g =

a b c d
d a+ d −b− c− d c
−c −c− d a− b b+ c+ d
b+ d b− c −b a+ c+ d

and the fact that gtJg = J implies, among other conditions, that
1 = 2cd+ 2d2 + c2 + b2 + db+ a2 + ca+ 2da
=
(a
2
+ d+ c
)2
+
(
d
2
+ b
)2
+
(
d√
2
+
a√
2
)2
+
(
d
2
)2
+
(a
2
)2
.
Following these conditions we get, through a case by case study, that
C(T18) =
{
id4, S, S
2, S3, S4,−id4,−S,−S2,−S3,−S4
}
.
Hence
χ(C(Tn)) =
1
10
, for n ∈ {18, 19, 20, 21, 43, 44, 45, 46} .
5.12. Centralizer and Euler characteristic of T25, T26, T29 and T30. We know that C(T25) =
C(T29) and C(T26) = C(T30). Consider
T25 = id2 ∗ (−W ) =

1 0 0 0
0 0 0 1
0 0 1 0
0 −1 0 1
 .
Solving g T25 = T25 g, we get
g =

a1 0 b1 0
0 a4 0 b4
c1 0 d1 0
0 −b4 0 a4 + b4
 .
On the other hand, as gtJg = J one has the following relations
a1d1 − b1c1 = 1 and a24 + a4b4 + b24 = 1.
If we write
K =
{(
a4
−b4
b4
a4 + b4
)
|a4, b4 ∈ Z, a24 + a4b4 + b24 = 1
}
=
〈(
1
1
−1
0
)〉
∼= Z6,
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one has an isomorphism
C(T25) ∼= SL2(Z)× Z6 .
Hence
χ(C(T25)) = χ(C(T29)) = − 1
72
.
On the other hand, T26 = T
t
25 and therefore χ(C(T26)) = χ(C(T30)) = − 172 .
5.13. Centralizer and Euler characteristic of T31 andT34. Consider
T31 =

0 0 −1 0
0 0 0 1
1 0 −1 0
0 −1 0 1
 .
Let g ∈ C(T31), then solving g T31 = T31 g we get
g =

a1 0 b1 0
0 a4 0 b4
−b1 0 a1 + b1 0
0 −b4 0 a4 + b4
 .
As gtJg = J , we get the following conditions
a21 + a1b1 + b
2
1 = 1 , a
2
4 + a4b4 + b
2
4 = 1 .
We conclude that C(T31) ∼= Z6 × Z6 and therefore
χ(C(T31)) =
1
36
.
Since T34 = T
t
31, χ(C(T34)) = χ(C(T31)).
5.14. Centralizer and Euler characteristic of T32 andT33. Consider
T32 =

0 0 −1 0
0 0 0 −1
1 0 −1 0
0 1 0 1
 .
Let g ∈ C(T31) then solving g T32 = T32 g we get
g =

a1 0 b1 0
0 a4 0 b4
−b1 0 a1 + b1 0
0 −b4 0 a4 − b4
 .
Using gtJg = J we get the following conditions
a21 + a1b1 + b
2
1 = 1 , a
2
4 − a4b4 + b24 = 1 .
Hence C(T32) ∼= Z6 × Z6 and χ(C(T32)) = 136 .
Since T33 = T
t
32 one has χ(C(T33)) = χ(C(T32)).
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5.15. Centralizer and Euler characteristic of T35, T36, T37, T38, T47 andT48. Consider
T35 = id2 ◦W =

0 1 0 0
0 0 −1 0
0 0 0 1
1 0 −1 0
 .
Let g ∈ C(T35), then as g T35 = T35 g we get that g has the form
g =

a1 a2 b1 b2
b2 a1 −a2 − b2 b1
−b1 −b2 a1 + b1 a2 + b2
a2 + b2 −b1 −a2 a1 + b1
 .
Using the fact that gtJg = J we get, among other conditions, that
a21 + a1b1 + b
2
1 + a
2
2 + a2b2 + b
2
2 = 1
and by using that condition one can verify that C(T35) is the group of 12 elements Z6 × Z2
generated by T35 and −id4. Hence,
χ(C(T35)) =
1
12
.
Using the same procedure one can show that
χ(C(T36)) = χ(C(T37)) = χ(C(T38)) = χ(C(T47)) = χ(C(T48)) =
1
12
,
the only difference is that for k ∈ {47, 48}, C(Tk) is the group Z12 generated by Tk.
5.16. Centralizer and Euler characteristic of T39, T40. Let g be an element of C(T39). By the
fact that gT39 = T39g, we get that g is of the form
(
x
−y
y
x
)
where x =
(
a1
b2
a2
a1
)
and y =
(
b1
−a2
b2
b1
)
. As
gtJg = J , one can see that
a21 + a
2
2 + b
2
2 + b
2
1 = 1
and from that condition one can finally verify that C(T39) is the group Z8 generated by T39.
Following a similar procedure, one can show that the same holds for C(T40). Therefore,
χ(C(T39)) = χ(C(T40)) =
1
8
.
5.17. Centralizer and Euler characteristic of T41, T42. We have T41 = T and T42 = −T , so
C(T41) = C(T42). Let g ∈ C(T41). As gT41 = T41g one can see that g has the form
g =

a1 a2 b1 b2
−2b1 + 2b2 − a2 a1 + b1 − b2 + a2 −a2 2b1 − b2 + a2
−3b1 + 2b2 − 2a2 −2b2 + 2b1 + a2 a1 2a2 + 2b1 − b2
2a2 + 2b1 − b2 −2b1 + b2 − a2 b2 b2 − a2 + a1 − b1

and gtJg = J implies, among other conditions, that
−2b2a2 − 4b2b1 + 2b22 + 2a22 + 4b1a2 + 3b21 + a21 = 1
and
2b2a2 + 3b2b1 − b22 − a22 − 3b1a2 − 2b21 + a1a2 + a1b2 = 0.
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Therefore
1 = −b2b1 + b22 + a22 + b1a2 + b21 + a21 + a1a2 + a1b2
=
(
a1 + a2√
2
)2
+
(
a2 + b1√
2
)2
+
(
b1 − b2√
2
)2
+
(
b2 + a1√
2
)2
.
Analyzing this and considering all possible choices one can see that C(T41) is the group Z8 generated
by T41 and
χ(C(T41)) = χ(C(T42)) =
1
8
.
5.18. Centralizer and Euler characteristic of T49, T50, T51, T52, T53, T54, T55, T56. Observe that
T49 = J2 ∗W , T50 = J2 ∗W t,
T52 = (J2 ∗W )t = T t49 , T51 = J t2 ∗W = T t50,
T54 = −(J2 ∗W )t = −T t49 , T53 = −(J t2 ∗W ) = −T t50,
T55 = −(J2 ∗W ) = −T49 , T56 = (J2 ∗ −W )t = −T50.
Following the above description, it is enough to compute C(T49) and C(T50). Let g be an element
of C(T49). As T49g = gT49 one can see that g has the form
g =

a1 0 b1 0
0 a4 0 b4
−b1 0 a1 0
0 −b4 0 a4 + b4

and as gtJg = J one has
a21 + b
2
1 = 1 , a
2
4 + a4b4 + b
2
4 = 1 .
Therefore, C(T49) ∼= Z4 ×Z6. Going through with exactly similar steps we can show that C(T50) ∼=
Z4 × Z6. As a result, we obtain
χ(C(Tn)) =
1
24
, for n ∈ {49, 50, 51, 52, 53, 54, 55, 56} .
We now summarize the above discussion in the following theorem.
Theorem 6. The following is a complete list of the orbifold Euler characteristics of the centralizers
of each representative of the conjugacy classes of torsion elements in Sp4(Z).
Case Torsion Element T C(T ) Euler Characteristic χ(C(T ))
A T1, T2 Sp4(Z) − 11440
B T3 SL2(Z) × SL2(Z) 1144
C T4 H ⊂ SL2(Z) × SL2(Z) (see 5.3) 6144
D T5, T6, T22, T23 U2(Z[w])
1
72
E T7, T24 U(1,1)(Z[w]) − 118
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F T8, T9, T25, T26, T27, T28, T29, T30 SL2(Z) × Z6 − 172
G T10, T11 U2(Z[i])
1
32
H T12 U(1,1)(Z[i]) − 116
I T13 SL2(Z) ⋊ Z2 − 124
J T14, T15, T16, T17 SL2(Z) × Z4 − 148
K T18, T19, T20, T21, T43, T44, T45, T46 Z10
1
10
L T31, T32, T33, T34 Z6 × Z6 136
M T35, T36, T37, T38 and T47, T48 Z6 × Z2 and Z12 112
N T39, T40, T41, T42 Z8
1
8
O T49, T50, T51, T52, T53, T54, T55, T56 Z6 × Z4 124
Table 4: Orbifold Euler characteristics of the centralizers of torsion elements
6. Traces of Torsion Elements
In this section we calculate the traces of the torsion elements of Γ with respect to every finite
dimensional irreducible representation of Sp4 with highest weight λ. At first we only calculate this
trace with respect to the symmetric powers SymnV of the standard representation V of Sp4 (i.e.
when λ = nλ1). We will strongly use the fact that the symmetric power representation of Sp4 is
the restriction to Sp4 of the symmetric power of the standard representation of GL4. Therefore,
to calculate the trace of a torsion element T ∈ Γ it suffices to calculate the trace of a conjugate
element of T in GL4(C) with respect to the symmetric power representation of GL4. We make
use of the Gelfand-Cetlin basis of the finite dimensional highest weight representations of GL4 (see
[6]). The aforementioned basis {ξΛ} is indexed by “patterns” Λ, that in the special case of the
symmetric power representations SymnV , can be described as triplets of numbers (a, b, c) ∈ Z
satisfying n ≥ a ≥ b ≥ c ≥ 0. We will therefore denote the corresponding element of the basis as
Λa,b,c. With this notation one has
E1,1 · Λa,b,c = cΛa,b,c,
E2,2 · Λa,b,c = (b− c)Λa,b,c,
E3,3 · Λa,b,c = (a− b)Λa,b,c,
E4,4 · Λa,b,c = (n− a)Λa,b,c,
where Eii ∈ gl4(C) denotes the diagonal matrix whose entries are all 0 except for a 1 in the i-th
place.
We obtain the traces with respect to any other highest weight by using the following result
comming from the theory of the Weyl character forumula:
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Theorem 7. For two nonnegative integers n1 ≥ n2, let λ be (n1 − n2)λ1 + n2λ2 and Hn1,n2(T )
denote the trace Tr(T,Mλ). For a nonnegative integer n, Hn(T ) denotes Tr(T, SymnV ). Then
one has
Hn1,n2(T ) = Hn1(T )(Hn2(T ) +Hn2−2(T ))− (Hn1+1(T ) +Hn1−1(T ))Hn2−1(T ),
where, in the case n < 0 one uses the convention Hn(T ) = 0.
(See [5], Proposition 24.22, page 406, for the proof of this theorem).
6.1. Traces with respect to SymnV . In this section we will denote by diag(d1, d2, d3, d4) the
corresponding 4× 4 diagonal matrix. For an element v of the nth symmetric power Symn(V ) of the
standard representation V of GL4, we will denote by X.v the action of an element X ∈ gl4(C) and
by ρn(g)(v) the action of an element g ∈ GL4(C). Therefore one has the following commutative
diagram
Sp4(C)
OO
exp
ρn
// GL(Mλ)
OO
exp
sp4(C)
dρn
// gl(Mλ)
In this section, for each k ∈ N, ξk will denote a k-th primitive root of unity.
6.1.1. Traces of T1 and T2.
As T1 = id4 and T2 = −id4, it is clear that
Tr(T1, Sym
nV ) = dim(SymnV ) =
1
6
(n+ 1)(n + 2)(n + 3)
and Tr(T2, Sym
nV ) = (−1)ndim(SymnV ) = (−1)n 16 (n+ 1)(n + 2)(n + 3).
6.1.2. Traces of T3 and T4.
Let T be T3 or T4. Then T
−1 is conjugate to the diagonal matrix diag(1, 1,−1,−1), and
therefore it suffices to study Tr(diag(1, 1,−1,−1), Symn(V )). One has E44.Λa,b,c = (n − a)Λa,b,c
and E33.Λa,b,c = (a − b)Λa,b,c. Therefore, as diag(1, 1,−1,−1) = exp(iπ(E33 + E44)), one has
ρn(diag(1, 1,−1,−1))(Λa,b,c) = (−1)n−bΛa,b,c and
Tr(T−1, Symn(V )) =
n∑
a=0
a∑
b=0
b∑
c=0
(−1)n−b = (−1)n
n∑
a=0
a∑
b=0
(−1)b(b+ 1).
∑a
b=0(−1)b(b + 1) is equal to −a+12 if a is odd and is equal to a2 + 1 if a is even. Now, if n is odd
one has
Tr(T−1, Symn(V )) = (−1)n
n∑
a=0
a∑
b=0
(−1)b(b+ 1) = (−1)
n+1
2∑
a=0
(
(a+ 1)− 2a+ 2
2
)
= 0
while, on the other hand, if n is even one has
Tr(T−1, Symn(V )) =
n∑
a=0
a∑
b=0
(−1)b(b+ 1) =
n∑
b=0
(−1)b(b+ 1) = n
2
+ 1.
Whence Tr(T−1, Symn(V )) =
{
n
2 + 1, n ≡ 0 mod 2
0, n ≡ 1 mod 2 .
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6.1.3. Traces of T5, T6, T7, T22, T23 and T24.
T5, T6 and T7 are conjugate to the diagonal matrix T = diag(ξ3, ξ3, ξ
2
3 , ξ
2
3). As T22 = −T5,
T23 = −T6 and T24 = −T7, one has
Tr(T−122 , Sym
n(V )) = Tr(T−123 , Sym
n(V )) = Tr(T−124 , Sym
n(V )) = (−1)nTr(T−1, Symn(V )).
We will therefore calculate the trace Tr(T−1, Symn(V )). We have
(2E11 + 2E22 + E33 + E44).Λa,b,c = (n+ b)Λa,b,c
and therefore ρn(T
−1)(Λa,b,c) = ξn+b3 Λa,b,c. Now,
Tr(T−1, Symn(V )) =
n∑
a=0
a∑
b=0
b∑
c=0
ξn+b3 = ξ
n
3
n∑
a=0
a∑
b=0
ξb3(b+ 1).
If a is congruent to 2 modulo 3, then
a∑
b=0
ξb3(b+ 1) =
a−2
3∑
b=0
ξ3b3 (3b+ 1) + ξ
3b+1
3 (3b+ 2) + ξ
3b+2
3 (3b+ 3)
=
a−2
3∑
b=0
ξ3b+13 + 2ξ
3b+2
3 =
a+ 1
3
(ξ3 + 2ξ
2
3).
One can see that if a is congruent to 0 modulo 3, then
∑a
b=0 ξ
−b
3 (b+ 1) =
a
3 (ξ
2
3 + 2) + 1 and, if a is
congruent to 1 modulo 3, one has
∑a
b=0 ξ
−b
3 (b+ 1) =
a+2
3 (1 + 2ξ3).
Therefore, Tr(T−1, Symn(V )) =

n+3
3 , n ≡ 0 mod 3
−2n+43 , n ≡ 1 mod 3
n+1
3 , n ≡ 2 mod 3
.
6.1.4. Traces of T8, T9, T27 and T28.
T8, T9 are conjugate to the diagonal matrix T = diag(1, 1, ξ
2
3 , ξ3). Again, as T27 = −T8, T28 = −T9,
one has
Tr(T−127 , Sym
n(V )) = Tr(T−128 , Sym
n(V )) = (−1)nTr(T−1, Symn(V )).
We will therefore calculate the trace Tr(T−1, Symn(V )). Note that
(E33 + 2E44).Λa,b,c = (2n − a− b)Λa,b,c
and therefore ρn(T
−1)(Λa,b,c) = ξ2n−a−b3 Λa,b,c. Now
Tr(T−1, Symn(V )) =
n∑
a=0
a∑
b=0
b∑
c=0
ξ2n−a−b3 = ξ
2n
3
n∑
a=0
ξ−a3
a∑
b=0
ξ−b3 (b+ 1)
and, as before, one can see that
∑a
b=0 ξ
−b
3 (b+ 1) =

1 + a3 (ξ3 + 2), a ≡ 0 mod 3
a+2
3 (1 + 2ξ
2
3), a ≡ 1 mod 3
a+1
3 (ξ
2
3 + 2ξ3), a ≡ 2 mod 3
.
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Hence,
Tr(T−1, Symn(V )) =

n+3
3 , n ≡ 0 mod 3
n+2
3 , n ≡ 1 mod 3
n+1
3 , n ≡ 2 mod 3
.
6.1.5. Traces of T10, T11, T12 and T13.
T10, T11, T12 and T13 are conjugate to the diagonal matrix T = diag(ξ4, ξ4, ξ
3
4 , ξ
3
4). It suffices
therefore to calculate the trace Tr(T−1, Symn(V )). One has
(3E11 + 3E22 + E33 + E44).Λa,b,c = (n+ 2b)Λa,b,c
and therefore ρn(T
−1)(Λa,b,c) = ξn+2b4 Λa,b,c. Now,
Tr(T−1, Symn(V )) =
n∑
a=0
a∑
b=0
b∑
c=0
ξn+2b4 = ξ
n
4
n∑
a=0
a∑
b=0
(−1)b(b+ 1).
One can see that
∑a
b=0(−1)b(b+ 1) =
{
a+2
2 , a even
−a+12 , a odd
. Therefore one has
Tr(T−1, Symn(V )) =

n+2
2 , n ≡ 0 mod 4
−n+22 , n ≡ 2 mod 4
0, n odd.
.
6.1.6. Traces of T14, T15, T16 and T17.
T14, T15 are conjugate to the diagonal matrix T = diag(1, 1, ξ
3
4 , ξ4). As T16 = −T14, T17 = −T15,
Tr(T−116 , Sym
n(V )) = Tr(T−117 , Sym
n(V )) = (−1)nTr(T−1, Symn(V )).
One has
(E33 + 3E44).Λa,b,c = (3n − 2a− b)Λa,b,c
and ρn(T
−1)(Λa,b,c) = ξ3n−2a−b4 Λa,b,c. Therefore
Tr(T−1, Symn(V )) = ξ3n4
n∑
a=0
(−1)a
a∑
b=0
ξ−b4 (b+ 1).
Since
∑a
b=0 ξ
−b
4 (b+ 1) =

1 + a2 (ξ4 + 1), a ≡ 0 mod 4
ξ34 +
a+1
2 (1 + ξ
3
4), a ≡ 1 mod 4
a+2
2 (ξ
3
4 − 1), a ≡ 2 mod 4
a+1
2 (ξ4 − 1), a ≡ 3 mod 4
, we finally have
Tr(T−1, Symn(V )) =

n+2
2 , n even
n+3
2 , n ≡ 1 mod 4
n+1
2 , n ≡ 3 mod 4
.
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6.1.7. Traces of T18, T19, T20, T21, T43, T44, T45 and T46.
T18, T19, T20, T21 are conjugate to T = diag(ξ5, ξ
2
5 , ξ
3
5 , ξ
4
5), and T43, T44, T45, T46 are conjugate to
-T .
One has
(4E11 + 3E22 + 2E33 + E44).Λa,b,c = (n+ a+ b+ c)Λa,b,c
and therefore ρn(T
−1)(Λa,b,c) = ξn+a+b+c5 Λa,b,c. Therefore
Tr(T−1, Symn(V )) = ξn5
n∑
a=0
ξa5
a∑
b=0
ξb5
b∑
c=0
ξc5.
We can see that
∑b
c=0 ξ
c
5 =

1, b ≡ 0 mod 5
1 + ξ5, b ≡ 1 mod 5
−(ξ35 + ξ45), b ≡ 2 mod 5
−ξ45 , b ≡ 3 mod 5
0, b ≡ 4 mod 5
and
a∑
b=0
ξb5
b∑
c=0
ξc5 =

1, a ≡ 0 mod 5
−(ξ35 + ξ45), a ≡ 1 mod 5
ξ25 , a ≡ 2 mod 5
0 otherwise
.
Hence one can finally see that
Tr(T−1, Symn(V )) =

1, n ≡ 0 mod 5
−1, n ≡ 1 mod 5
0, otherwise
.
6.1.8. Traces of T25, T26, T29 and T30.
T25, T26 are conjugate to the diagonal matrix T = diag(1, 1, ξ
5
6 , ξ6) and T29 = −T25, T30 = −T26.
One has
(E33 + 5E44).Λa,b,c = (5n − 4a− b)Λa,b,c
and ρn(T
−1)(Λa,b,c) = ξ5n−4a−b6 Λa,b,c. Therefore
Tr(T−1, Symn(V )) = ξ5n6
n∑
a=0
ξ−4a6
a∑
b=0
ξ−b6 (b+ 1)
and we have
a∑
b=0
ξ−b6 (b+ 1) =

1 + a2 (1− ξ46 − ξ56), a ≡ 0 mod 6
1 + 2ξ56 +
a−1
2 (1− ξ46 + ξ56), a ≡ 1 mod 6
1 + 2ξ56 + 3ξ
4
6 +
a−2
2 (1 + ξ
4
6 + ξ
5
6), a ≡ 2 mod 6
2ξ56 + 3ξ
4
6 + 3ξ
3
6 +
a−3
2 (ξ
3
6 − ξ26 − ξ6), a ≡ 3 mod 6
3ξ26 + 3ξ
3
6 + 3ξ
4
6 +
a−4
2 (ξ
3
6 + ξ
2
6 − ξ6), a ≡ 4 mod 6
a+1
2 (ξ6 + ξ
2
6 + ξ
3
6), a ≡ 5 mod 6
.
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By using this, one can show that
Tr(T−1, Symn(V )) =
 n+ 1, n ≡ 0 or 5 mod 6n+ 2, n ≡ 1 or 4 mod 6
n+ 3, n ≡ 2 or 3 mod 6
.
6.1.9. Traces of T31, T32, T33, T34, T35, T36, T37 and T38.
In this case, these torsion elements are conjugate to the diagonal matrix T = diag(ξ56 , ξ
2
3 , ξ3, ξ6) .
One has
(E11 + 2E22 + 4E33 + 5E44).Λa,b,c = (5n − a− 2b− c)Λa,b,c
and ρn(T
−1)(Λa,b,c) = ξ5n−a−2b−c6 Λa,b,c. Therefore
Tr(T−1, Symn(V )) = ξ5n6
n∑
a=0
ξ−a6
a∑
b=0
ξ−2b6
b∑
c=0
ξ−c6 .
One can see that
b∑
c=0
ξ−c6 =

1, b ≡ 0 mod 6
1 + ξ56 , b ≡ 1 mod 6
1 + ξ56 + ξ
4
6 , b ≡ 2 mod 6
ξ56 + ξ
4
6 , b ≡ 3 mod 6
ξ46 , b ≡ 4 mod 6
0, b ≡ 5 mod 6
and
a∑
b=0
ξ−2b6
b∑
c=0
ξ−c6 =

1, a ≡ 0 mod 6
ξ46 , a ≡ 1 mod 6
1− ξ56 , a ≡ 2 mod 6
1 + ξ46 , a ≡ 3 mod 6
0, a ≡ 4 mod 6
0, a ≡ 5 mod 6
.
Finally, one has
Tr(T−1, Symn(V )) =
 1, a ≡ 0 mod 6−1, a ≡ 2 mod 6
0, otherwise
.
6.1.10. Traces of T39, T40, T41 and T42.
These torsion elements are conjugate to T = diag(ξ8, ξ
3
8 , ξ
5
8 , ξ
7
8). Therefore it suffices to calculate
the trace Tr(T−1, Symn(V )). One has
(7E11 + 5E22 + 3E33 + E44).Λa,b,c = (n+ 2a+ 2b+ 2c)Λa,b,c
and therefore ρn(T
−1)(Λa,b,c) = ξn+2a+2b+2c8 Λa,b,c. Now,
Tr(T−1, Symn(V )) = ξn8
n∑
a=0
ξ2a8
a∑
b=0
ξ2b8
b∑
c=0
ξ2c8 .
One can see that
∑a
b=0 ξ
2b
8
∑b
c=0 ξ
2c
8 =
 1, a ≡ 0 mod 4ξ4, a ≡ 1 mod 4
0, otherwise
.
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and
n∑
a=0
ξ2a8
a∑
b=0
ξ2b8
b∑
c=0
ξ2c8 =
{
1, a ≡ 0 mod 4
0, otherwise
.
Therefore one has Tr(T−1, Symn(V )) =
{
(−1)n/4, n ≡ 0 mod 4
0, otherwise
.
6.1.11. Traces of T47 and T48.
These torsion elements are conjugate to T = diag(ξ12, ξ
5
12, ξ
7
12, ξ
11
12). One has
(11E11 + 7E22 + 5E33 + E44).Λa,b,c = (n + 4a+ 2b+ 4c)Λa,b,c
and therefore ρn(T
−1)(Λa,b,c) = ξn+4a+2b+4c12 Λa,b,c. Now,
Tr(T−1, Symn(V )) = ξn12
n∑
a=0
ξa3
a∑
b=0
ξb6
b∑
c=0
ξc3.
Note that
∑a
b=0 ξ
b
6
∑b
c=0 ξ
c
3 =

1, a ≡ 0 mod 6
1 + ξ3, a ≡ 1 or 2 mod 4
ξ3, a ≡ 3 mod 4
0, otherwise
, and hence
Tr(T−1, Symn(V )) =
 1, n ≡ 0 or 2 mod 12−1, n ≡ 6 or 8 mod 12
0, otherwise
.
6.1.12. Traces of T49, T50, T51, T52, T53, T54, T55 and T56.
T49, T50, T51, T52 are conjugate to T = diag(ξ4, ξ3, ξ
2
3 , ξ
3
4). Hence, it suffices to calculate the trace
Tr(T−1, Symn(V )). One has
(9E11 + 8E22 + 4E33 + 2E44).Λa,b,c = (3n + a+ 4b+ c)Λa,b,c
and therefore ρn(T
−1)(Λa,b,c) = ξ3n+a+4b+c12 Λa,b,c. Now,
Tr(T−1, Symn(V )) = ξn4
n∑
a=0
ξa12
a∑
b=0
ξb3
b∑
c=0
ξc12.
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By using the fact that 1 + ξ412 + ξ
8
12 = 0 one has
ξa12
a∑
b=0
ξb3
b∑
c=0
ξc12 =

1, a ≡ 0 mod 12
ξ12 + ξ
5
12 + ξ
6
12 = i− 1, a ≡ 1 mod 12
ξ212 + ξ
7
12 + ξ
10
12 + ξ
11
12 = 1− i, a ≡ 2 mod 12
2ξ312 + ξ
4
12 + ξ
8
12 = 2i− 1, a ≡ 3 mod 12
ξ412 + ξ
8
12 + 2ξ
9
12 + 1 = −2i, a ≡ 4 mod 12
2ξ12 + 2ξ
5
12 = 2i, a ≡ 5 mod 12
ξ612 + 2ξ
7
12 + 2ξ
11
12 = −2i− 1, a ≡ 6 mod 12
1 + 2ξ312 + ξ
7
12 + ξ
11
12 = 1 + i, a ≡ 7 mod 12
ξ412 + ξ
8
12 + ξ
9
12 = −i− 1, a ≡ 8 mod 12
2ξ212 + ξ
6
12 + 2ξ
10
12 = 1, a ≡ 9 mod 12
2ξ312 + 2ξ
7
12 + 2ξ
11
12 = 0, a ≡ 10 mod 12
2ξ312 + 2ξ
7
12 + 2ξ
11
12 = 0, a ≡ 11 mod 12
and
Tr(T−1, Symn(V )) =

1, a ≡ 0 or 6 or 7 mod 12
−1, a ≡ 1 or 2 or 8 mod 12
2, a ≡ 3 mod 12
−2, a ≡ 5 mod 12
0, otherwise
.
6.2. Traces with respect to highest weight representations Mλ. By using Theorem 7, we
give, in the following theorem, a complete description of the traces of torsion elements with respect
to every finite dimensional irreducible representation of Sp4.
We introduce the following matrices that will be helpful in the aforementioned description.
MB,C =
(
(n1+2)(n2+1)
2 0
0 − (n1+2)(n2+1)2
)
,MD,E =
 n1+n2+33 n2−n1−13 −2n2+23−2n1+43 2n1+43 0
n1−n2+1
3 −n1+n2+33 2n2+23
 ,
MF =
 n1+n2+33 −n1−n2+13 n2+13n1+2
3 −n1+23 0
n1−n2+1
3 −n1+n2+33 −n2+13
 ,MJ =

n1+2
2 0 −n1+22 0
n1+n2+3
2
n2+1
2 −n1−n2+12 n2+12
n1+2
2 0 −n1+22 0
n1−n2+1
2 −n2+12 −n1+n2+32 −n2+12
 ,
MF2 =

n1 − n2 + 1 n1 − n2 + 1 −n2 − 1 −n1 − n2 − 3 −n1 − n2 − 3 −n2 − 1
n1 + 2 n1 + 2 0 −n1 − 2 −n1 − 2 0
n1 + n2 + 3 n1 + n2 + 3 n2 + 1 −n1 + n2 − 1 −n1 + n2 − 1 n2 + 1
n1 + n2 + 3 n1 + n2 + 3 n2 + 1 −n1 + n2 − 1 −n1 + n2 − 1 n2 + 1
n1 + 2 n1 + 2 0 −n1 − 2 −n1 − 2 0
n1 − n2 + 1 n1 − n2 + 1 −n2 − 1 −n1 − n2 − 3 −n1 − n2 − 3 −n2 − 1
 ,
MG,H,I =

n1+2
2 0 −n1+22 0
0 n2+12 0 −n2+12
−n1+22 0 n1+22 0
0 −n2+12 0 n2+12
 ,
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MK =

1 0 0 −1 0
−1 0 0 1 0
0 1 −1 0 0
0 0 0 0 0
0 −1 1 0 0
 ,ML,M =

1 0 0 0 −1 0
0 0 0 0 0 0
−1 0 0 0 1 0
0 1 0 −1 0 0
0 0 0 0 0 0
0 −1 0 1 0 0
 ,
MN =

1 0 1 0 −1 0 −1 0
0 −1 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 −1 0 0
−1 0 −1 0 1 0 1 0
0 1 0 0 0 −1 0 0
0 0 0 0 0 0 0 0
0 −1 0 0 0 1 0 0

,
MM =

1 0 2 0 1 0 −1 0 −2 0 −1 0
0 −2 0 −2 0 0 0 2 0 2 0 0
1 0 2 0 1 0 −1 0 −2 0 −1 0
0 −1 0 −1 0 0 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 −1 0 −1 0 0
−1 0 −2 0 −1 0 1 0 2 0 1 0
0 2 0 2 0 0 0 −2 0 −2 0 0
−1 0 −2 0 −1 0 1 0 2 0 1 0
0 1 0 1 0 0 0 −1 0 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 −1 0 −1 0 0 0 1 0 1 0 0

,
MO =

1 0 −1 0 1 0 −1 0 1 0 −1 0
−1 1 0 −1 1 0 −1 1 0 −1 1 0
−1 0 1 0 −1 0 1 0 −1 0 1 0
2 −1 −1 1 0 0 0 −1 1 1 −2 0
0 0 0 0 0 0 0 0 0 0 0 0
−2 1 1 −1 0 0 0 1 −1 −1 2 0
1 0 −1 0 1 0 −1 0 1 0 −1 0
1 −1 0 1 −1 0 1 −1 0 1 −1 0
−1 0 1 0 −1 0 1 0 −1 0 1 0
0 1 −1 −1 2 0 −2 1 1 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 −1 1 1 −2 0 2 −1 −1 1 0 0

.
Theorem 8. The following is a complete list of the traces of each representative of conjugacy classes
of torsion elements in Sp4(Z) with respect to every finite dimensional irreducible representation Mλ
of Sp4 where λ = m1λ1 +m2λ2 = (m1 +m2)e1 +m2e2. We denote n1 = m1 +m2 and n2 = m2.
In the table we use the following notation: if M is an n× n square matrix, we denote by M(n1, n2)
the entry of the matrix M in the row n1 = m1 +m2 mod n and column n2 = m2 mod n (where we
are numbering the rows and columns from 0 to n− 1).
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Case Torsion Element T Tr(T−1,Mλ)
A T1
1
6
(n1 + 2)(n2 + 1)((n1 + 2)2 − (n2 + 1)2)
A T2 (−1)m1 16 (n1 + 2)(n2 + 1)((n1 + 2)2 − (n2 + 1)2)
B, C T3, T4 MB,C(n1, n2)
D, E T5, T6, T7 MD,E(n1, n2)
D, E T22, T23, T24 (−1)m1MD,E(n1, n2)
F T8, T9 MF (n1, n2)
F T27, T28 (−1)m1MF (n1, n2)
F T25, T26 MF2(n1, n2)
F T29, T30 (−1)m1MF2(n1, n2)
G, H, I T10, T11, T12, T13 MG,H,I(n1, n2)
J T14, T15 MJ(n1, n2)
J T16, T17 (−1)m1MJ(n1, n2)
K T18, T19, T20, T21 MK(n1, n2)
K T43, T44, T45, T46 (−1)m1MK(n1, n2)
L, M T31, T32, T33, T34, T35, T36, T37, T38 ML,M (n1, n2)
N T39, T40, T41, T42 MN (n1, n2)
M T47, T48 MM (n1, n2)
O T49, T50, T51, T52 MO(n1, n2)
O T53, T54, T55, T56 (−1)m1MO(n1, n2)
Table 5: Traces of torsion elements for λ = m1λ1+m2λ2, n1 = m1+m2 and
n2 = m2
7. Homological Euler Characteristic
7.1. Homological Euler Characteristic with respect to Symn(V ). With the calculations
made so far one can finally obtain the homological Euler characteristic with respect to every ir-
reducible finite dimensional representation of Sp4 by using (5), and in particular with respect to the
symmetric power representations Symn(V ). When n is odd, it is clear that this Euler characteristic
is 0. In the next theorem we give an explicit formula of the Euler characteristic for n even.
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Theorem 9. For an even integer n = 2k, one has the following description of the homological Euler
characteristic
χh(Sp4(Z), Sym
nV ) = − 1
4320
n3 − 1
720
n2 + akn+ bk + ck
where
ck =
{
(−1)k/2
2 , k even
0, otherwise
.
and ak, bk are determined by the congruence of k modulo 30, and are given by
k mod 30 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
ai − 215 − 11120 − 790 − 11120 − 215 − 13360 − 215 − 11120 − 790 − 11120 − 215 − 13360 − 215 − 11120 − 790
bi
3
2
− 437
540
− 41
270
− 7
20
− 331
270
79
108
7
10
− 437
540
− 257
270
9
20
− 23
54
− 37
540
7
10
− 869
540
− 41
270
k mod 30 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
ai − 11120 − 215 − 13360 − 215 − 11120 − 790 − 11120 − 215 − 13360 − 215 − 11120 − 790 − 11120 − 215 − 13360
bi
5
4
− 331
270
− 37
540
− 1
10
− 437
540
35
54
9
20
− 331
270
− 469
540
7
10
− 1
108
− 41
270
9
20
− 547
270
− 37
540
Table 6: Coefficients for the homological Euler characteristics with respect to
Symn(V )
Proof. For the proof of this theorem, one has to use (5), the orbifold Euler characteristics determined
in Section 5 and the traces calculated in the Subsection 6.1. The orbifold Euler characteristics
are rational constants and the traces with respect to the symmetric power representations are
polynomials in n = 2k. Taking into account the labels of torsion elements in Table 4, the only
elements whose traces are polynomials of degree greater than 1 are those of type A, they will
therefore determine the coefficients of n3 and n2 in the formula for the Euler characteristics of the
symmetric power representations. The term ck in the formula is the contribution of the elements
of type N , the sum of the contribution of the rest of the torsion elements will only depend on n
modulo 60 (or k module 30) and determines the coefficients ak and bk of the formula. 
Therefore we can see that the degree 3 polynomial determining the homological Euler character-
sitic of the 2k-th symmetric power depends only on k modulo 60.
In the following table we make use of the results obtained to give the homological Euler charac-
teristics for the first 150 even symmetric powers. If one numerates the lines from 0 to 9 and the
columns from 0 to 15, then the value of χh(Sp4(Z), Sym
2kV ) can be found in line i and column j
where i and j are such that k = 15 ∗ i+ j.
i\j 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 2 -1 -1 -1 -2 0 -2 -3 -3 -3 -6 -4 -6 -9 -9
1 -9 -14 -12 -18 -19 -19 -23 -30 -28 -34 -37 -41 -45 -54 -52
2 -62 -67 -71 -79 -90 -88 -102 -109 -117 -125 -138 -140 -158 -167 -175
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3 -187 -206 -208 -230 -241 -253 -269 -290 -296 -322 -335 -351 -371 -398 -404
4 -434 -453 -473 -497 -526 -536 -574 -595 -619 -647 -682 -696 -738 -765 -793
5 -825 -866 -884 -934 -963 -995 -1035 -1082 -1104 -1158 -1193 -1233 -1277 -1330 -1356
6 -1418 -1459 -1503 -1555 -1614 -1644 -1714 -1761 -1813 -1869 -1934 -1972 -2050 -2103 -2159
7 -2223 -2298 -2340 -2426 -2485 -2549 -2621 -2702 -2752 -2846 -2911 -2983 -3063 -3154 -3208
8 -3310 -3385 -3465 -3553 -3650 -3712 -3826 -3907 -3995 -4091 -4198 -4268 -4390 -4481 -4577
9 -4681 -4798 -4876 -5010 -5107 -5211 -5327 -5454 -5540 -5682 -5789 -5905 -6029 -6166 -6260
Table 7: Homological Euler Characteristic χh(Sp4(Z), Sym
2kV ), for k = 15i+j
7.2. Homological Euler characteristic for general irreducible finite dimensional repre-
sentation. With the calculations we already made, we have all the traces of torsion elements and
the orbifold Euler characteristics of their centralizers. Therefore one can already calculate the homo-
logical Euler characteristic. One can easily see in particular that form1 odd, one has χh(Γ,Mλ) = 0,
so the interesting examples come from the cases m1 even.
By using the formula (5) for homological Euler characteristics
χh(Γ,Mλ) =
∑
(T )
χ(CΓ(T ))Tr(T
−1,Mλ),
one can group the terms in this sum taking into account the Table 5 and check the coefficients
multiplying each matrix by taking the sum of the orbifold Euler characteristics χ(CΓ(T )) for all the
torsion elements associated to the given matrix in the table. Therefore, if m1 is even, one has:
χh(Γ, V ) = χAMA(n1, n2) + χB,CMB,C(n1, n2) + χD,EMD,E(n1, n2) + χFMF (n1, n2)
+ χF2MF2(n1, n2) + χG,H,IMG,H,I(n1, n2) + χJMJ(n1, n2) + χKMK(n1, n2)
+ χL,MML,M (n1, n2) + χMMM (n1, n2) + χNMN (n1, n2) + χ0MO(n1, n2)
where n1 = m1 +m2, n2 = m2 and MA(n1, n2) denotes
1
6(n1 + 2)(n2 + 1)((n1 + 2)
2 − (n2 + 1)2)
(and if M is an n× n square matrix, we denote by M(n1, n2) the entry of the matrix M in the row
n1 = (m1+m2) mod n and column n2 = m2 mod n, where we are numbering the rows and columns
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from 0 to n− 1). On the other hand, for the coefficients one has
χA = χ(C(T1)) + χ(C(T2)) = − 1
720
, χJ =
17∑
k=14
χ(C(Tk)) = − 1
12
,
χB,C = χ(C(T3)) + χ(C(T4)) =
7
144
, χK =
21∑
k=18
χ(C(Tk)) +
46∑
k=43
χ(C(Tk)) =
4
5
,
χD,E =
7∑
k=5
χ(C(Tk)) +
24∑
k=22
χ(C(Tk)) = − 1
18
, χL,M =
38∑
k=31
χ(C(Tk)) =
4
9
,
χF =
9∑
k=8
χ(C(Tk)) +
28∑
k=27
χ(C(Tk)) = − 1
18
, χM =
48∑
k=47
χ(C(Tk)) =
1
6
,
χF2 =
26∑
k=25
χ(C(Tk)) +
30∑
k=29
χ(C(Tk)) = − 1
18
, χN =
42∑
k=39
χ(C(Tk)) =
1
2
,
χG,H,I =
13∑
k=10
χ(C(Tk)) = − 1
24
, χO =
56∑
k=49
χ(C(Tk)) =
1
3
.
We can make this expression even shorter by writting the term
χD,EMD,E(n1, n2) + χFMF (n1, n2) + χF2MF2(n1, n2) + χG,H,IMG,H,I(n1, n2) + χJMJ(n1, n2)
+ χL,MML,M (n1, n2) + χMMM (n1, n2) + χOMO(n1, n2)
in a 12 by 6 matrix E given by:

− 67n1
432
+ n2
54
+ 47
72
− 49n1
432
− n2
54
− 185
216
− 43n1
432
− 43
216
− 49n1
432
+ n2
54
+ 29
72
− 67n1
432
− n2
54
− 275
216
− 25n1
432
− 25
216
− 2n1
27
− n2
16
− 91
432
−n1
54
− 13n2
432
− 53
432
−n1
54
+ 13n2
432
+ 7
144
− 2n1
27
+ n2
16
− 37
432
−n1
54
− 67n2
432
+ 325
432
−n1
54
+ 67n2
432
− 119
144
n1
48
− 2n2
27
+ 137
216
n1
16
+ 1
8
n1
48
+ 2n2
27
− 119
216
n1
16
− 2n2
27
+ 11
216
n1
48
+ 1
24
n1
16
+ 2n2
27
+ 43
216
n1
54
− 31n2
432
− 5
16
n1
54
+ 31n2
432
+ 167
432
2n1
27
+ n2
48
+ 361
432
n1
54
− 49n2
432
− 11
16
n1
54
+ 49n2
432
+ 329
432
2n1
27
− n2
48
− 233
432
− 11n1
432
− 11
216
31n1
432
+ n2
54
− 25
216
13n1
432
− n2
54
− 1
72
7n1
432
+ 7
216
13n1
432
+ n2
54
+ 29
216
31n1
432
− n2
54
+ 29
72
− 11n2
432
− 11
432
n2
16
+ 1
16
− 43n2
432
− 43
432
43n2
432
+ 43
432
−n2
16
− 1
16
11n2
432
+ 11
432
− 31n1
432
+ n2
54
+ 11
72
− 13n1
432
− n2
54
− 5
216
− 7n1
432
− 7
216
− 13n1
432
+ n2
54
− 7
72
− 31n1
432
− n2
54
− 95
216
11n1
432
+ 11
216
− 2n1
27
+ n2
48
− 343
432
−n1
54
− 49n2
432
+ 199
432
−n1
54
+ 49n2
432
− 77
144
− 2n1
27
− n2
48
+ 215
432
−n1
54
− 31n2
432
+ 73
432
−n1
54
+ 31n2
432
− 35
144
−n1
16
− 2n2
27
− 43
216
−n1
48
− 1
24
−n1
16
+ 2n2
27
− 11
216
−n1
48
− 2n2
27
− 169
216
−n1
16
− 1
8
−n1
48
+ 2n2
27
+ 151
216
n1
54
− 67n2
432
− 17
16
n1
54
+ 67n2
432
+ 491
432
2n1
27
− n2
16
+ 37
432
n1
54
− 13n2
432
+ 1
16
n1
54
+ 13n2
432
+ 5
432
2n1
27
+ n2
16
+ 91
432
25n1
432
+ 25
216
67n1
432
+ n2
54
− 133
216
49n1
432
− n2
54
+ 59
72
43n1
432
+ 43
216
49n1
432
+ n2
54
− 79
216
67n1
432
− n2
54
+ 89
72
25n2
432
+ 25
432
−n2
48
− 1
48
− 7n2
432
− 7
432
7n2
432
+ 7
432
n2
48
+ 1
48
− 25n2
432
− 25
432

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We also introduce the notation
χ˜A(n1, n2) = χAMA(n1, n2), χ˜B,C(n1, n2) = χB,CMB,C(n1, n2),
χ˜K(n1, n2) = χKMK(n1, n2), χ˜N (n1, n2) = χNMN (n1, n2).
We finally obtain the following result:
Theorem 10. We use the following notation: E(m2,
m1
2 ) is the entry of E in the row m2 mod 12
and column m12 mod 6, where we are numbering the rows from 0 to 11 and the columns from 0 to 5.
Using the above notation, we can express the Euler characteristic of Sp4(Z) with coefficients in the
highest weight representation Mλ with λ = m1λ1 +m2λ2 as
χh(Sp4(Z),Mλ) = χ˜A(n1, n2) + χ˜B,C(n1, n2) + χ˜K(n1, n2) + χ˜N (n1, n2) + E(m2,
m1
2
),
when m1 is even (and as we mentioned before χh(Sp4(Z),Mλ) = 0 otherwise). In this expression
n1 is, as usual, m1 +m2 and n2 = m2.
To illustrate the simplicity of this formula we will calculate the homological Euler characteristic for
the highest weight (m1,m2) = (20, 19). In this case one has n1 = m1 +m2 = 39 and n2 = m2 = 19.
• m2 = 19 ≡ 7 mod 12 and m12 = 10 ≡ 4 mod 6, therefore E(m2, m12 ) = −n154 − 31n2432 + 73432 .
• χ˜A(n1, n2) = − 1720 16(n1 + 2)(n2 + 1)((n1 + 2)2 − (n2 + 1)2).
• n1 ≡ n2 ≡ 1 mod 2, therefore χ˜B,C(n1, n2) = − 7144 (n1+2)(n2+1)2 .• n1 ≡ n2 ≡ 4 mod 5, therefore χ˜K(n1, n2) = 0.
• n1 ≡ 7 mod 8 and n2 ≡ 3 mod 8, therefore χ˜N (n1, n2) = 0.
And finally, for λ = 20λ1 + 19λ2 one has
χh(Sp4(Z),Mλ) = −
39
54
− 31 · 19
432
+
73
432
− 1
720
1
6
(41 · 20)(412 − 202)− 7
144
41 · 20
2
= −265.
The following table gives the homological Euler characteristics with respect to the representations
Mλ for m1 even, m1 ≤ 30 and m2 < 15, but the reader could use Theorem 10 to calculate the
homological Euler characteristic for any other highest weight.
m1\m2 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 2 -1 0 -1 1 -1 1 -4 1 -6 4 -4 2 -9 4
2 -1 0 1 -1 1 -1 0 -3 0 -2 2 -8 -1 -12 1
4 -1 0 0 0 0 -3 0 -5 -1 -7 1 -12 -5 -16 -4
6 -1 -1 1 -3 0 -5 0 -8 -4 -12 -3 -16 -9 -25 -11
8 -2 -2 0 -1 0 -7 -5 -11 -5 -16 -7 -24 -18 -34 -20
10 0 -2 -1 -4 -1 -7 -5 -15 -8 -19 -10 -32 -24 -42 -29
12 -2 -3 0 -7 -5 -11 -9 -20 -17 -30 -20 -40 -34 -59 -44
14 -3 -4 -1 -7 -5 -15 -12 -25 -20 -34 -26 -52 -47 -72 -57
16 -3 -4 -4 -8 -8 -21 -16 -31 -27 -45 -37 -64 -59 -88 -76
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18 -3 -7 -5 -13 -12 -23 -24 -40 -36 -56 -49 -80 -75 -107 -97
20 -6 -6 -8 -15 -16 -29 -31 -49 -47 -68 -61 -96 -98 -130 -120
22 -4 -10 -7 -20 -19 -37 -35 -57 -56 -81 -74 -116 -112 -154 -143
24 -6 -13 -12 -25 -27 -45 -47 -72 -71 -102 -96 -136 -138 -185 -176
26 -9 -12 -15 -29 -31 -53 -56 -83 -84 -114 -114 -160 -165 -212 -207
28 -9 -16 -20 -32 -40 -63 -68 -97 -101 -135 -135 -188 -193 -244 -244
30 -9 -21 -23 -43 -48 -73 -80 -116 -120 -160 -159 -216 -225 -285 -283
Table 8: Values of homological Euler Characteristics χh(Sp4(Z),Mλ)
8. Cuspidal Cohomology
In this section we give dimension formulas for the space of cuspidal cohomology. We will make
use of Proposition 1 of [14], which implies that, when we extend scalars to Mλ ⊗ C the cuspidal
and inner cohomology coincides and is concentrated in degree 3 (therefore the dimension of cuspidal
cohomology is the same as the dimension, over Q, of the inner cohomology). We denote by hq! (λ)
and hqEis(λ) the dimensions of the inner and the Eisenstein cohomology in degree q of SΓ with
coefficients in M˜λ, respectively. Therefore one has
dim(Hq(SΓ,M˜λ)) = hq! (λ) + hqEis(λ).
We denote
χEis(Γ,Mλ) =
5∑
k=0
(−1)khkEis(λ).
The following lemma will be useful in our analysis.
Lemma 11. One has the following dimension formula for the space of cuspidal cohomology:
dim(H•cusp(SΓ,M˜λ ⊗ C)) = dim(H3cusp(SΓ,M˜λ ⊗ C)) = h3! (λ)
= χEis(Γ,Mλ)− χh(Γ,Mλ)
Proof. This follows from the aforementioned proposition in [14]. 
We will give an explicit description of χEis(Γ,Mλ) by using Section 4 and the fact that for an
even integer k ≥ 4,
dim Sk =
{ ⌊ k12⌋ − 1, if k ≡ 2 mod 12
⌊ k12⌋, otherwise
.
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Proposition 12. If λ = m1λ1 +m2λ2 then χEis(Γ,Mλ) = 0 for m1 odd. If m1 is even one has
χEis(Γ,Mλ) =

2, if m1 = m2 = 0
dim Sm1+2 − 1− dim Sm1+4, if m1 > 0 and m2 = 0
2dim Sm2+2 + 2(#Z2m2+4)− dim S2m2+4, if m1 = 0 and m2 > 0 even
1 + 2dim Sm2+2+ dim Sm1+2− dim Sm1+2m2+4, if m1 > 0 and m2 > 0 even
−1− 2dim Sm2+3− dim S2m2+4, if m1 = 0 and m2 odd
dim Sm1+2 − 2dim Sm1+m2+3− dim Sm1+2m2+4, if m1 > 0 and m2 odd
,
where #Zk denotes the cardinality of Zk (see Section 4).
It is therefore clear that χEis(Γ,Mλ) as a function of ⌊m112 ⌋ and ⌊m212 ⌋ only depends on the
congruences of m1 and m2 modulo 12. As a result we can give an explicit formula for χEis(Γ,Mλ).
We introduce the matrix
F1 =

−2 −1 −1 −1 −2 0
−(2k1 + 4k2 + 1) −(2k1 + 4k2) −(2k1 + 4k2) −(2k1 + 4k2 + 1) −(2k1 + 4k2 + 2) −(2k1 + 4k2)
0 1 0 1 0 1
−(2k1 + 4k2 + 1) −(2k1 + 4k2 + 1) −(2k1 + 4k2) −(2k1 + 4k2 + 3) −(2k1 + 4k2 + 1) −(2k1 + 4k2 + 2)
−1 1 0 0 0 1
−(2k1 + 4k2 + 1) −(2k1 + 4k2 + 1) −(2k1 + 4k2 + 3) −(2k1 + 4k2 + 1) −(2k1 + 4k2 + 3) −(2k1 + 4k2 + 3)
−1 0 0 0 −1 1
−(2k1 + 4k2 + 2) −(2k1 + 4k2 + 3) −(2k1 + 4k2 + 1) −(2k1 + 4k2 + 4) −(2k1 + 4k2 + 3) −(2k1 + 4k2 + 3)
−1 0 −1 0 −1 0
−(2k1 + 4k2 + 4) −(2k1 + 4k2 + 2) −(2k1 + 4k2 + 3) −(2k1 + 4k2 + 4) −(2k1 + 4k2 + 4) −(2k1 + 4k2 + 3)
0 2 1 1 1 2
−(2k1 + 4k2 + 2) −(2k1 + 4k2 + 4) −(2k1 + 4k2 + 4) −(2k1 + 4k2 + 4) −(2k1 + 4k2 + 4) −(2k1 + 4k2 + 6)

,
the vector
F2 = ( −2 −1 −1 −1 −2 0 ) ,
and the vector
F3 = ( z − 2, −1− 4k2, z, −1− 4k2, z − 1, −1− 4k2, z − 1, −2− 4k2, z − 1, −4− 4k2, z, −2− 4k2 ) ,
where in F3 the term z denotes 2(#Z2m2+4). Then one can see the following:
Proposition 13. If m1 = 12k1 + l1 and m2 = 12k2 + l2, with k1, k2, l1, l2 ∈ Z and 0 ≤ l1, l2 < 12
then
χEis(Γ,Mλ) =
 F1(l2,
l1
2 ), m1 > 0 and m2 > 0
F2(
l1
2 ), m1 > 0 and m2 = 0
F3(l2), m1 = 0 and m2 > 0
.
(where we are numbering the rows of F1 and the entries of F3 from 0 to 11 and the columns of F1
and the entries of F2 are numbered from 0 to 5).
From Lemma 11 and Theorem 10 we can deduce:
Theorem 14. If λ = m1λ1+m2λ2, with m1 even, then the dimension dim(H
•
cusp(SΓ,M˜λ⊗C)) of
the cuspidal cohomology is given by
−
(
χ˜A(n1, n2) + χ˜B,C(n1, n2) + χ˜K(n1, n2) + χ˜N (n1, n2) + E(m2,
m1
2
)
)
+

2, m1 = m2 = 0
F1(l2,
l1
2 ), m1,m2 > 0
F2(
l1
2 ), m1 > m2 = 0
F3(l2), m2 > m1 = 0
.
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To illustrate the simplicity of this formula, we will give an example. Let λ = 18λ1 + 10λ2, then
m1 = 18,m2 = 10, n1 = m1 +m2 = 28 and n2 = m2.
• m2 = 10 = 12 · 0 + 10 and m1 = 18 = 1 · 12 + 6. Then
χEis(Γ,Mλ) = F1(10, 3) = 1.
• m2 = 10 and m12 = 9 ≡ 3 mod 6, therefore E(m2, m12 ) = 43n1432 + 43216 .
• χ˜A(n1, n2) = − 1720 16(n1 + 2)(n2 + 1)((n1 + 2)2 − (n2 + 1)2).
• n1 ≡ n2 ≡ 0 mod 2, therefore χ˜B,C(n1, n2) = 7144 (n1+2)(n2+1)2 .• n1 ≡ 3 and n2 ≡ 0 mod 5, therefore χ˜K(n1, n2) = 0.
• n1 ≡ 4 mod 8 and n2 ≡ 2 mod 8, therefore χ˜N (n1, n2) = −12 .
And finally, for λ = 18λ1 + 10λ2, the dimension dim(H
•
cusp(SΓ,M˜λ ⊗ C)) is
−
(
43 · 28
432
+
43
216
− 1
720
1
6
(30 · 11)(302 − 112) + 7
144
30 · 11
2
− 1
2
)
+ 1 = 50.
We finally give a table with the dimension of the cuspidal cohomology for the representationMλ,
for λ = m1λ1+m2λ2 with 0 ≤ m1 < 30 even and 0 ≤ m2 < 15. One can use Theorem 14 to obtain
the dimension of the cuspidal cohomology for any other highest weight.
m1\m2 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 0 0 z 0 z-2 0 z-2 2 z-2 2 z-4 2 z-4 4 z-4
2 0 0 0 0 0 0 0 0 0 0 0 4 0 8 0
4 0 0 0 0 0 0 0 4 0 4 0 8 4 12 4
6 0 0 0 0 0 4 0 4 4 8 4 12 8 20 12
8 0 0 0 0 0 4 4 8 4 12 8 20 16 28 20
10 0 2 2 2 2 4 6 12 8 16 12 26 24 38 30
12 0 0 0 4 4 8 8 16 16 24 20 36 32 52 44
14 2 2 2 4 6 12 12 20 20 30 28 46 46 66 58
16 2 2 4 6 8 16 16 28 26 40 38 58 58 82 76
18 2 4 6 8 12 20 24 34 36 50 50 74 74 100 98
20 4 2 8 12 16 24 30 44 46 62 62 90 96 122 120
22 4 8 8 16 20 32 36 52 56 76 76 108 112 148 144
24 4 8 12 20 26 40 46 66 70 94 96 130 136 176 176
26 8 8 16 24 32 48 56 76 84 108 116 152 164 204 208
28 8 12 20 28 40 56 68 92 100 128 136 180 192 236 244
Table 9: Dimension of cuspidal cohomology, for λ = m1λ1 +m2λ2
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In the places m1 = 0 and m2 > 0 even,“z” denotes 2(#Z2m2+4).
9. Dimension of Hq(Sp4(Z),Mλ)
In this last section we describe the dimensions of the cohomology spaces for Γ in every degree.
These formulas will depend on the parity of the coefficients of the highest weight λ = m1λ1+m2λ2.
Let hq(λ) denote the dimension of Hq(Γ,Mλ). If m1 is odd then Hq(Γ,Mλ) = 0. On the other
hand, if m1 is even, one has h
1(λ) = 0 and:
h0(λ) =
{
1, if m1 = m2 = 0
0, otherwise
, h2(λ) =
 1, if m1 = m2 = 0#Z2m2+4, if m1 = 0 and m2 6= 0 even
0, otherwise
,
h3(λ) = h3cusp(λ) +

0, if m1 = m2 = 0
dim S2m2+4 −#Z2m2+4, if m1 = 0 and m2 > 0 even
1+ dim Sm1+4, if m1 > 0 and m2 = 0
dim Sm1+2m2+4, if m1 > 0 and m2 > 0 even
1 + 2dim Sm2+3+ dim S2m2+4, if m1 = 0 and m2 odd
2dim Sm1+m2+3+ dim Sm1+2m2+4, if m1 > 0 and m2 odd
,
h4(λ) =

2dim Sm2+2, if m1 = 0 and m2 > 0 even
dim Sm1+2, if m1 > 0 and m2 = 0
1 + 2dim Sm2+2+ dim Sm1+2, if m1 > 0 and m2 > 0 even
dim Sm1+2, if m1 > 0 and m2 odd
0, otherwise
.
Finally, let hcusp(λ), hEis(λ) and h(λ) be the dimension of the cuspidal, Eisenstein and the group
cohomology of Γ with respect to Mλ, respectively. In particular one has hcusp(λ) = h3cusp(λ),
hEis(λ) =
∑4
q=0 h
q
Eis(λ) and h(λ) = hcusp(λ) + hEis(λ). Therefore:
h(λ) = hcusp(λ)+

2, if m1 = m2 = 0
2dim Sm2+2+ dim S2m2+4, if m1 = 0 and m2 > 0 even
dim Sm1+2 + 1+ dim Sm1+4, if m1 > 0 and m2 = 0
1 + 2dim Sm2+2+ dim Sm1+2+ dim Sm1+2m2+4, if m1 > 0 and m2 > 0 even
1 + 2dim Sm2+3+ dim S2m2+4, if m1 = 0 and m2 odd
dim Sm1+2 + 2dim Sm1+m2+3+ dim Sm1+2m2+4, if m1 > 0 and m2 odd
.
One has
h(λ) = hEis(λ) + hcusp(λ)
= hEis(λ) + χEis(Γ,Mλ)−
(
χ˜A(n1, n2) + χ˜B,C(n1, n2) + χ˜K(n1, n2) + χ˜N (n1, n2) + E(m2,
m1
2
)
)
.
The values of χEis(Γ,Mλ)+hEis(λ) = 2(h0(λ)+h2(λ)+h4(λ)) as a funtion of ⌊m112 ⌋ and ⌊m212 ⌋ will
clearly depend on m1 and m2 modulo 12. We will determine these values in the following matrices.
Consider
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G1 =

2k1 + 4k2 − 4 2k1 + 4k2 − 2 2k1 + 4k2 − 2 2k1 + 4k2 − 2 2k1 + 4k2 − 2 2k1 + 4k2
2k1 − 2 2k1 2k1 2k1 2k1 2k1 + 2
2k1 + 4k2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 4
2k1 − 2 2k1 2k1 2k1 2k1 2k1 + 2
2k1 + 4k2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 4
2k1 − 2 2k1 2k1 2k1 2k1 2k1 + 2
2k1 + 4k2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 4
2k1 − 2 2k1 2k1 2k1 2k1 2k1 + 2
2k1 + 4k2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 2 2k1 + 4k2 + 4
2k1 − 2 2k1 2k1 2k1 2k1 2k1 + 2
2k1 + 4k2 + 4 2k1 + 4k2 + 6 2k1 + 4k2 + 6 2k1 + 4k2 + 6 2k1 + 4k2 + 6 2k1 + 4k2 + 8
2k1 − 2 2k1 2k1 2k1 2k1 2k1 + 2

,
the vector:
G2 = ( 2k1 − 2, 2k1, 2k1, 2k1, 2k1, 2k1 + 2 ) ,
and the vector G3 given by
( 4k2 − 4 + z, 0, 4k2 + z, 0, 4k2 + z, 0, 4k2 + z, 0, 4k2 + z, 0, 4k2 + 4 + z, 0 ) .
Proposition 15. If m1 = 12k1 + l1 and m2 = 12k2 + l2, with k1, k2, l1, l2 ∈ Z and 0 ≤ l1, l2 < 12
then
hEis(λ) + χEis(Γ,Mλ) =
 G1(l2,
l1
2 ), m1 > 0 and m2 > 0
G2(
l1
2 ), m1 > 0 and m2 = 0
G3(l2), m1 = 0 and m2 > 0
.
(where we are numbering the rows of G1 and the entries of G3 from 0 to 11 and the columns of G1
and the entries of G2 are numbered from 0 to 5).
From Theorem 10 we can deduce:
Theorem 16. If λ = m1λ1 +m2λ2, with m1 even, then the dimension dim(H
•(Sp4(Z),Mλ)) of
the cohomology of Sp4(Z) is given by
−
(
χ˜A(n1, n2) + χ˜B,C(n1, n2) + χ˜K(n1, n2) + χ˜N (n1, n2) + E(m2,
m1
2
)
)
+

2, m1 = m2 = 0
G1(l2,
l1
2 ), m1,m2 > 0
G2(
l1
2 ), m1 > m2 = 0
G3(l2), m2 > m1 = 0
.
We give an example of the use of this formula. Let λ = 18λ1+70λ2 then m1 = 18,m2 = 70, n1 =
m1 +m2 = 88 and n2 = m2.
• m2 = 70 = 12 · 5 + 10 and m1 = 18 = 1 · 12 + 6. Then
χEis(Γ,Mλ) = G1(10, 3) = 2 + 20 + 6 = 28.
• m2 = 70 and m12 = 9 ≡ 3 mod 6, therefore E(m2, m12 ) = E(10, 3) = 43n1432 + 43216 .
• χ˜A(n1, n2) = − 1720 16(n1 + 2)(n2 + 1)((n1 + 2)2 − (n2 + 1)2).
• n1 ≡ n2 ≡ 0 mod 2, therefore χ˜B,C(n1, n2) = 7144 (n1+2)(n2+1)2 .• Ver n1 ≡ 3 and n2 ≡ 0 mod 5, therefore χ˜K(n1, n2) = 0.
• Ver n1 ≡ 0 mod 8 and n2 ≡ 6 mod 8, therefore χ˜N (n1, n2) = −12 .
And finally, for λ = 18λ1 + 70λ2, the dimension dim(H
•(Sp4(Z),Mλ)) is
−
(
43 · 88
432
+
43
216
− 1
720
1
6
(90 · 71)(902 − 712) + 7
144
90 · 71
2
− 1
2
)
+ 28 = 4389.
In the following table we give the values of h(λ) for 0 ≤ m1 < 30 even and 0 ≤ m2 < 30.
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m1\m2 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 2 1 z 1 z-1 1 z-1 4 z-1 6 z 4 z-2 9 z
2 1 0 1 1 1 1 2 3 2 2 4 8 3 12 5
4 1 0 2 0 2 3 2 5 3 7 5 12 7 16 10
6 1 1 1 3 2 5 2 8 6 12 9 16 11 25 17
8 2 2 2 1 2 7 7 11 7 16 13 24 20 34 26
10 2 4 5 6 5 9 9 17 12 21 18 34 28 44 37
12 2 3 2 7 7 11 11 20 19 30 26 40 36 59 50
14 5 6 5 9 9 17 16 27 24 36 34 54 51 74 65
16 5 6 8 10 12 23 20 33 31 47 45 66 63 90 84
18 5 9 9 15 16 25 28 42 40 58 57 82 79 109 105
20 8 8 12 17 20 31 35 51 51 70 69 98 102 132 128
22 8 14 13 24 25 41 41 61 62 85 84 120 118 158 153
24 8 15 16 27 31 47 51 74 75 104 104 138 142 187 184
26 13 16 21 33 37 57 62 87 90 118 124 164 171 216 217
28 13 20 26 36 46 67 74 101 107 139 145 192 199 248 254
Table 10: Dimension of H•(Sp4(Z),Mλ), for λ = m1λ1 +m2λ2
As in the previous section, when m1 = 0 and m2 > 0 is even, the “z” denotes two times the
cardinality of Z2m2+4.
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